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Abstract. We introduce the notion of a matrad M = {Mn^m} whose sub- 
modules Af*,i and Mi_« are non-S operads. We define the free matrad T-Coc 
generated by a singleton SJJ, in each bidegree (m, n) and realize Tica as the cel- 
lular chains on matrahedra {KKn,m = KKm,n} , of which KKn,i = KKi^n 
is the associahedron Kn- We construct the universal enveloping functor from 
matrads to PROPs and define an Aoo-bialgebra as an algebra over Tiao- 
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1. Introduction 

Let _ff be a DG module over a commutative ring R with identity. In |13j . we 
defined an Aoo-bialgebra structure on H in terms of a square-zero ©-product on the 
universal PROP Uh = End [TH] . In this paper we take an alternative point-of- 
view motivated by three classical constructions: First, chain maps Ass ~> Uh and 
^oo ^ Uh in the category of non-S operads define strictly (co)associative and Aao- 
(co)algebra structures on H; second, there is a minimal resolution of operads ~^ 
Ass; and third, Aoc is realized by the cellular chains on the Stasheff associahedra 
K — UKn [10], [9]. It is natural, therefore, to envision a category in which analogs 
of Ass and Aoo define strictly biassociative and Aoo-bialgebra structures on H . 

In this paper we introduce the notion of a matrad whose distinguished objects 
Ti. and Tioo play the role of Ass and Aoo- But unlike the operadic case, freeness 
considerations are subtle since biassociative bialgebras cannot be simultaneously 
free and cofree. Although H and Tioo are generated by singletons in each bidegree, 
those in Ti. are module generators while those in Tioo are matrad generators. In- 
deed, as a non-free matrad, Ti. has two matrad generators and Tioo is its minimal 
resolution. Thus Ti and Tioo are the smallest possible constructions that control 
biassociative bialgebras structures and their homotopy versions (c.f. [8], [15], [TT]). 

Given a finite sequence x in N, let |x| = ^x^. A matrad (M, 7) is a bigraded 
module M = {M„_m}^ ^^^^ together a family of structure maps 

defined on certain submodules Ty{M) « r|(M) C (g)^^^ My.^p (g) 0^^^ Mg^^. and 
generated by certain components of the S-U diagonal Ap on permutahedra [12] ; its 
substructures (r^(M),7) and (r^(M),7) are non-S operads. We think of mono- 
mials in r^(M) as p-fold tensor products of multilinear operations with q outputs, 
and monomials in r^(A/) as g-fold tensor products of multilinear operations with 
p inputs. 

A general PROP, and Uh in particular, admits a canonical matrad structure 
and chain maps Ti Uh and Tioo Uh in the category of matrads define bi- 
associative bialgebra and ^00-bialgebra structures on H. Furthermore, Tioo — > Ti 
is a minimal resolution of matrads and Tioo is realized by the cellular chains on 
a new family of polytopes KK — KKn.m, called matrahedra, in which 

KKi i — *, dim KKn^m = n + m ~3 when mn > 1, KKm,n = KKn^m, and KKi^n 
is the Stasheff associahedron Kn- We represent the top dimensional face of KKn,m 
graphically by a "double corolla" thought of as an indecomposable element S 
PROPM = {M„,„ = Hom{H®'^,H®"^)} with data flowing upward through m 
input and n output channels (see Figure 1). The action of the matrad product 7 on 
the submodule = {9^)^ generates Tioo] we define a differential d of degree 
— 1 on and extend it inductively to lower dimensions. 



n 




m 

Figure 1. 
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Among the various attempts to construct homotopy versions of bialgebras, recent 
independent results of Markl and Shoikhet are related to ours through the theory of 
PROPs: In characteristic 0, the low-order relations in Markl's version of a homotopy 
bialgebra [8j agree with our Aoo-bialgebra relations and Shoikhet's composition 
product on the universal preCROC 15j agrees with our prematrad operation on 
Uh- Thus we construct a functor from matrads to PROPs called the universal 
enveloping functor. 

The paper is organized as follows: In Section 2 we construct the matrahedra 
KKn^m in the range to + n < 6. These polytopes have a simple description in 
terms of the S-U diagonal A^^ on associahedra JJ] and demonstrate the general 
construction while avoiding the complicating subtleties. In Section 3 we review the 
S-U diagonals Ap and A^, and introduce some related combinatorial notions. In 
Section 4 we discuss various submodules of TTM (the tensor module of TM) that 
model the geometry of our construction. We introduce the notion of a prematrad 
in Section 5, specialize to matrads in Section 6, construct the posets W and /C/C 
in Section 7 and their geometric realization PP and KK in Section 8. We identify 
the cellular chains of KK with the -bialgebra matrad Tioo and prove that the 
restriction of the free resolution of prematrads p" : (8) TC to Tiao is a free 
resolution in the category of matrads. 

2. Low Dimensional Matrahedra 

The matrahedra {KKn^m} in the range 1 < m, n < 4 and m + n < 6 are identical 
to the polytopes constructed by M. Markl in [8], however, the S-U diagonal on 
associahedra controls our construction and eliminates Markl's arbitrary choices. 

2.1. Markl's Fraction Product. For simplicity, let M = {-^n,m}m„>i be a 
bigraded Z2-module; sign considerations that arise over a general ground ring will 
be addressed in subsequent sections. For p,q> 1, let x x y = [xi , . . . , Xp) x (yi , . . . , 
Uq) & W X N^. In [8], M. Markl defined the submodule S of special elements in the 
free PROPM whose additive generators are monomials expressed as "elementary 
fractions" of the form 

(2.1) < = 



in which each a%. and a^' are additive generators of S and the j*'* output of 
is linked to the i*'' input of ap^ (juxtaposition in the numerator and denominator 
denotes tensor product). Representing an indecomposable generator graphically 
by a double corolla as in Figure 1, a general decomposable a is represented by a 
connected non-planar graph in which the generators appear in order from left-to- 
right (see Figures 2 and 9). All such fractions define a fraction product on the tensor 
module TM] thus in (|2.ip above we have dima^^ — X^ij^i™*^!; -I- dim Q!p\ Note 
that the fraction product is not associative: For example, in the iterated fraction 



A 

Al 
All 

A (BC) = while {AB) C ^ A {AB ® Id) ^ 0. 



A 
B 
C 
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The matrad Tioo is a proper submodule of S and the matrad product 7 agrees 
with the restriction of Markl's fraction product to S. Notationally, let M| = 
Mq^xi®' ■ ■•Si-Mg.iCp and = My^^p®- ■ ■(S)My^,p; then the fraction product (|2.ip can 
be expressed in terms of our prematrad product 7 = {7^ : (g) — > M|y| |x| 
as 



We refer to x and y as the leaf sequences of . Note that the action of 7 on up- 
rooted corollas 0^ (or down-rooted corollas 6*") generates all planar rooted trees 
with levels (PLTs), and the projection to planar rooted trees (PRTs) by forgetting 
levels induces the standard operadic product. Thus we may regard the ^00-operad 
Aoo as either 



Hi,. = {{9l I m > 1)/ ^, d) , where d {9l) - ^ «^ or 
n,,i = {{0'l\n> 1)/ d) , where 8 (0^*) = 



dim ai^ — m — 



dim a^^ —n — 3 



The operadic products in Tii.* and extend simultaneously to the matrad prod- 
uct on the Aoo-bialgebra matrad Tioo — i^m) m n>i- While much of the work in 
constructing TCoo involves making this extension precise, the complicating subtleties 
appear outside the range considered here. 

2.2. Low Dimensional Matrad Products. We will construct {'Hn,m}m+7i<6 in- 
ductively as stage JFg of the increasing filtration J^k = ® 7n+n<k'Hn,m, 3 < A; < 6. 
Our construction is controlled by the S-U diagonal Ak on cellular chains of the as- 
sociahedra K (see [E]), which in the range of dimensions considered here is given 

by 

Ak( A) = A ® A. 

Aif ( /k ) = A ® /k + A ® A , and 

Note that Ak agrees with the Alexander- Whitney diagonal on K2 — * and 
ifa = /. Define A^'' = Id; for each k > I, define the (left) k-fold iterate of Ak by 

A^^) = (AK®Id®'=-i) A^-^^ 

and view each component of A^-* {9p) (and dually A^' (0^)) as a (p — 2)-dimensional 
subcomplex of Kp'^^^. 

Define Hi,i = (Ol) , Hi,2 = (6*^) , ^2,1 = (6'f ) and = ® Hi,2 ® ^2,1- To 
construct T4, use the generators of J^s to construct all possible elementary fractions 
in M2,2 having two inputs and two outputs. There are exactly two such elementary 
fractions, namely, 

2 Y , 11 A A 

— — and " — 



A " Y Y ' 
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each of dimension zero. Let 7^2,2 = (^l; "^li Q^ii) and define 9 (f?!) =ct2+Q!ii- This 
completes the construction of T^. Thus KK2^2 is an interval / labeled by 6*1 with 
vertices labeled by and aj}. 

Although all fraction products are used to construct J-'4, more fraction products 
than we need appear at the next stage of the construction and beyond. Note 
that each factor in a numerator or denominator of and a\\ is a component of 
the iterated S-U diagonal as A^p{9i) or A^^(02) foi' some fc = 0, 1. Indeed, the 

components of (^'m) ^^'^ ^^k^ (^i ) '^i^l determine which fraction products to 
admit and which to discard. 

Continuing with the construction of use the generators of J-4 to construct 
all possible fraction products in A/2,3- There are 18 of these: one in dimension 
2, nine in dimension 1 and eight in dimension 0. Since KK2,3 is to have a single 
top dimensional (indecomposable) 2-cell we must discard the 2-dimensional 
(decomposable) generator 

e AA 

YYY 

as well as the appropriate components of its boundary. Note that e represents a 
square given by the Cartesian product of the three points in the denominator with 
the two intervals in the numerator. Thus the boundary of e consists of the four 
edges 

J\ /k /k /k /k /k /k /k 

(2.2) YYY' YYY' YYY' YYY' 

the first two of which contain components of A^^\9f) and A^''(0|) in their numer- 
ators and denominators. Our selection rule admits the first two edges and their 
vertices. 



Express each of the factors a|. and ap^ in c^x — 7x ( 



terms of their respective leaf sequences , , yj and pj so that 

o-yi • • • n^" 
y _ "pi "p. 



Then (pi, . . . , Pg) and (qi, . . . , qp) define the upper and lower contact sequences of 
a^, respectively. 

Example 1. The upper and lower contact sequences of 

,.1^,11 



Ayx 



YYY 

are ((3) , (1,2)) and ((2) , (2) , (2)) , respectively. 
A non-vanishing codimension 1 matrad monomial 



satisfies the following two conditions: 



I = ^ G ^|y|,|x| with |x| + |y| < 6 
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(i) The upper contact sequence (pi, . . . , p^) is the hst of leaf sequences in some 
component of A^~^''(0p). 

(ii) The lower contact sequence (qi, . . . , qp) is the list of leaf sequences in some 
component of A^~^''(^'). 

Example 2. The elementary fraction a\ii — {ctlciH) I (afafaf) discussed in Ex- 
ample\^is a non-vanishing 2- dimensional matrad generator since its upper contact 
sequence ((3) , (1, 2)) is the list of leaf sequences in the component 

/k ® A 0/ /k ^ 

and its lower contact sequence ((2) , (2) , (2)) is the list of leaf sequences in 

Y®Y(g)Y = Ag)(Y). 



Having discarded the last two fractions in (|2.2|) . our selection rule admits seven 
1-dimensional generators labeling the edges of KK2.3. Now linearly extend the 
boundary map d to these matrad generators and compute the seven admissible 
0-dimensional generators labeling the vertices of KK2.3 (see Figure 13). Then in 
addition to the 2-dimensional generator e and the last two 1-dimensional generators 
in (12. 21). our selection rule discards the common vertex 



YYY 

Different elementary fractions may represent the same element. For example, 
(2.4) A A ^ ^ 



YYY 



Y Y 

The associativity and unit axioms in the definition of a prematrad (see Definition 
[3] below) identify various representations such as these. 

Finally, let 7^2,3 be the free submodule of M2,3 generated by 9^ and the 14 
elementary fractions given by the selection rule above. Define 

^ / \/ \ V X X A A , A A , A A /k A 
A Al lA XY YX YYY^YYY^ 

then KK2,3 is the heptagon pictured in Figure 2. The matrahedron KK3 2 is 
homeomorphic to KK2,3 (see Figure 20) and we immediately obtain 7^3,2- This 
completes the construction of T^. 

We continue with the construction of JFg . Use the generators of J-c, to construct 
all possible fraction products in M4.2. Using the selection rule, admit all elementary 
fractions in dimension 2 except those whose numerators and denominators agree 
with some component of A^''(6'p) or A^-* {9\); these represent the 2-faces of KKi 2- 
Linearly extend the boundary map d and compute the admissible generators in 
dimensions and 1. Let T-Li^2 be the free submodule of Mi^2 generated by 0| and 
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d 



T , _IY , Yl , MY , lYI , Yll , AX , XX 
A X X 
XA AAX AAX 



XXX 

AXA , AXA , 



YY YY 
XAA XAA 



YY YY tY YY tY yY tY 

AA AA AA AA AA AA AA AA AA AA AA AA 

then KK4^_2 is the 3-dimensional matrahedron pictured in Figures 3 and 22. 




Figure 2. The matrahedron KK2.: 
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Figure 3. The 2-skeleton of KK^^2- 
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Again, KK2,a is the homeomorphic image of KK4^^2 (see Figure 23) and we simul- 
taneously obtain 7^2,4- While similar, the calculations for KK^^^ (see Figure 21) 
also involve elements such as (|2.3|) : we leave this case to the reader. This completes 
the construction of J-^. 

When n > 6 the combinatorial structure of Kn-2 is insufRcient to control the 
construction of Tn. Instead, the permutahedron P„_i whose faces are canonically 
indexed by PLTs provides the combinatorics we need. Nevertheless, the low dimen- 
sional examples above demonstrate the general principles, and with these in mind 
we proceed with the general construction. 

3. Diagonal Approximations and the Combinatorial Join 

Recall that a map / : X — » F of CVt^-complexes is homotopic to a cellular map 
g : X Y, which in turn induces a chain map g : C* {X) — > C» {Y) . Given a 
geometric diagonal A : X — > X x AT, a cellular map Ax : A ^ A x A homotopic 
to A is called a diagonal approximation. A diagonal approximation Ax induces a 
chain map Ax : C* {X) — > C* (A) ® C* (X) , called a diagonal. A brief review of 
the S-U diagonals Ap and A^ on cellular chains of permutahedra P = U„>iP„ 
and associahedra K — U„>2Ar„ (up to sign) now follows (see [T^] for details). 

3.1. The S-U Diagonals Ap and A^. Let n = {1, 2, . . . , n}, n > 1. A matrix i? 
with entries from {0} U n is a step matrix if the following conditions hold: 

(i) Each element of ri appears as an entry of E exactly once. 

(ii) Elements of ri in each row and column of E form an increasing contiguous 
block. 

(Hi) Each diagonal parallel to the main diagonal of E contains exactly one ele- 
ment of n. 

The non-zero entries in a step matrix form a continuous staircase connecting the 
lower-left and upper-right most entries. There is a bijective correspondence between 
step matrices with non-zero entries in n and permutations of n. 

Given an integer matrix M = {mij ) , define right-shift and down-shift oper- 
ations R and D on G as follows: Let S <Z {x € col (j) | .t 7^ 0} and let T C 
{y G row(i) \ y^Q}. 

(i) Right-shift RsM = M unless for some i and all k > i, mij — minS* > 
maxcol(j -f 1) and mk.j+i = 0, in which case each rukj £ 5 is interchanged 
with mk.j+i. 

(ii) Down-shift DtM — M unless for some j and all k > j, ruij = minT > 
maxrow(i -f 1) and m^+i^fe = 0, in which case each niik £ T is interchanged 

We say that a matrix F is derived from a q x p step matrix E if 

F = Dn^Dn^_^ ■ ■ ■ D^^RMgRMg^i ■ ■ ■ RmiE 

for some choice of Mi, . . . , Mq and A^i, . . . , Np. Note that step matrices are de- 
rived matrices via Mi = Nj ~ for all i,j. Let a = Ai\A2 \ ■ ■ ■ \ Ap and b = 
Bq\Bq-i \ ■ ■ ■ \Bi be partitions of n. The pair a x & is an (j>, q)- complementary pair 
(CP) if Bi and Aj are the rows and columns of a g x p derived matrix. Since faces of 
Pn are indexed by partitions of n, and CPs are in one-to-one correspondence with 
derived matrices, each CP is identified with some product face of Pn x P„. Let e" 
denote the top dimensional face of Pn+i- 
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Definition 1. Define Ap(e'^) — e'^ e". Inductively, having defined Ap on 
C*(Pfc+i) for all < k < n — I, define Ap on C„(P„+i) by 

Ap(e") = ±u(g)w, 

{p,q)-CPs uxv 
p+q=n+2 

and extend multiplicatively to all of C^{Pn+i). 

The diagonal Ap induces a diagonal Ak on C* {K). Recall that faces of Pn 
in codimension k are indexed by planar rooted trees with n + 1 leaves and fc + 1 
levels (PLTs), and forgetting levels defines the cellular projection do : Pn ^ Kn+i 
given by A. Tonks [18]. Thus faces of P„ indexed by PLTs with multiple nodes in 
the same level degenerate under -do, and corresponding generators span the kernel 
of the induced map i?o : C** {Pn) C* {Kn+i). The diagonal Ak is given by 
Ak^o = (i?o®??o)Ap. 

3.2. /c-Subdivisions and fc- Approximations. When X is a polytope one can 
choose a diagonal approximation Ax : X ^ X x X such that 

(i) Ax acts on each face e C AT as a (topological) inclusion Ax{e) C e x e, 
and 

(ii) there is an induced (cellular) 1 -subdivision A(i) of X that converts Ax 
into a cellular inclusion A : A*^^^ ^ A x A. 

If e = Ut=i ^^'^ — A*-^-*, there are faces Ui,Vi C a such that A^^ {ci) — UiX Vi. 
Thus Ax{e) — IJ™^ A^''(ei) — UHi ^ ^^'^ particular, A^^ agrees with 
the geometric diagonal A only on vertices of A. 

The 1-subdivision A^^^ arising from an explicit diagonal approximation Ax can 
be thought of as the cell complex obtained by gluing the cells in Ax (A) together 
along their common boundaries in the only way possible. For example, the A- 
W diagonal on the simplex A", the Serre diagonal on the cube and the S-U 
diagonals on the permutahedron Pn+i and the associahedron Kn+2 (see |T2]) induce 
exphcit 1-subdivisions (A")^^^ , (/")^^^ , P^+\ and K^^l^ (see Fi gures 4-7), and it is 

a good exercise to determine how the vertices of (J")^^-* resolve in P^^li and k1^^2- 
Algebraically, the assignment 

(3.1) {ui X Vi}i<i<m 

determines a DG diagonal Ax : (A) (A) ® (A) on cellular chains such 

that Ax (C*(A)) C C* ^A^-* (A*^^^)^ , where equality holds in the (unique) case 

X ~ *. Conversely, if a DG diagonal approximation Ax on C* (A) is determined 
by a cellular decomposition as in (|3.ip . there is a corresponding 1-subdivision A*^-'^^ 
and a 1- approximation A^^^ : A*^^) ^ A x A. 

Furthermore, there is a 2-subdivision A^^' of A (see Figure 8) and a correspond- 
ing 2- approximation A^"* : A^^^ A*^^^ x A that sends each cell of A*^^^ onto 
a single cell of A*^^^ x A; consequently, the composition A^^ — ^A*^"* x Id^ A^' 

sends each cell of A^^' onto a single cell of A'*'^. Inductively, for each fc, there is 
a fc-subdivision A^'') and a fc-approximation A^'* : A^'') — > x^'^^^'' x X such that 
A^^ = f A^"^' X Id) A^^ sends each cell of A^'^) onto a single ceh of A^'^+i. Thus, 
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for each fc > 0, a diagonal approximation Ax fixes the subcomplex A^^*^) (X) := 
^ which says that A^ acts on A^*-') {X) as an inclusion. 



Figure 4. The 1-subdivision of P2 = — I. 




Figure 5. 1-subdivisions of A^ and A'^ via the A-W diagonal. 




Figure 6. 1-subdivisions of P and via the Serre diagonal. 
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Figure 7. 1-subdivisions of P3 and K4 via S-U diagonals Ap and Ak. 




Figure 8. 2-subdivisions of P3 and K^. 



3.3. The Combinatorial Join of Permutahedra. The combinatorial join, which 
resembles the standard join of spaces, plays an important role in our construction 
of matrahedra. The combinatorial join P,„ P-n of permutahedra P„i and P„ is 
the permutahedron Pm+n constructed as follows: Given faces ^i|---|Afe C P„i 
and Bi\- ■ - {Bi C P„, let s be an integer such that ma,x {k,l} < s < k + I, and 
let (i;j) — (ii < • • • < ik;ji < ■ ■ ■ < ji), where i U j = s. Obtain A'i\ ■ ■ ■ \A'^ and 
B[\---\B'^ by setting = A^, B'^^ = Bt, and A'^ = B'^ = otherwise. Note 
that {A'^, B'^) ^ (0, 0) for aU r. Given a set S = {&i, . . . , 6^} C N and m G N, 
define B + m ^ {bi + m, . . . ,bk + m} and consider the codimension s — 1 face 
Ai\---\Ak Bi\---\Bi = A[U{B[+m) \ ■■■ \ A'^ U (P^ + m) C P™+„. When 
s = m + n, each pair of vertices | • • • \ Am x Pi | • • • |P„ C P„i x P„ generates ('"^") 
vertices ^i| • • • \ Am *{uj) Pi| • • • |Pn of Pm+n as (i;j) ranges over all (m, n)-shufHes 
of {Ai , . . . , Am ; Bi + m, . . . , Bn + m). Define 

Pm*cPn= U Ai|---|Afe*(i.j)Pi|---|P,. 

Ai\---\AkXBi\---\BiCP^xP^ 
iUj— s; max{/c,/}<s<fc+Z 
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Thus, given m, n > 1 and a cell e C Pm+n, there is a unique decomposition e = 
All • ■ • \Ak Bi\---\Bi with All • • • l^fe C P™ and Si| • • • \Bi C P„. 

Example 3. Setting s = 2 produces the 14 codimension 1 /aces o/ P2 *c P2 = Pi 



(i;j) 




B 


A P 


(1,2; 1,2) 


1|2 


1 2 


13|24 




1|2 


2 1 


14|23 




2|1 


1 2 


23|14 




2|1 


2 1 


24|13 


(i;i,2) 


12 


1 2 


123|4 




12 


2 1 


124|3 


(i;2) 


12 


12 


12|34 



(i;j) 
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P 


A*(i;j)P 


(2; 1,2) 


12 


1|2 


3|124 




12 


2|1 


4|123 


(i,2;i) 


1|2 


12 


134|2 




2|1 


12 


234|1 


(1,2; 2) 


1|2 


12 


1|234 




2|1 


12 


2|134 


(2;i) 


12 


12 


34|12 



Fraction products a/b reappear in Section[8]as combinatorial joins a *c b. 

4. SUBMODULES OF TT M 

Let M = {Mn^ra}^ „>i bc a bigraded module over a commutative ring R with 
identity Ir. Various submodules of TTM will be important in our work, the 
most basic of which is the q y. p matrix submodule (M®'')®'. The name "matrix 
submodule" is motivated by the fact that each pair oi q x p matrices X = (xij) , 
Y — {yij) eN'^^p with p,q > 1 uniquely determines the submodule 

Fix a set of bihomogencous module generators G C M . A monomial in TM is an 
element A e C^p and a monomial in TTM is an element P e (G^p)®"^ . Thus P 
is naturally represented by the q x p matrix 



fPl = 



yi.i 
yxi^i 



yi,P 



whose entries lie in G and whose rows are identified with elements of G'^p. Indeed, 
P is the q-fold tensor product of the rows of [P] ; we refer to P as a g x p monomial 
and use the symbols P and [P] interchangeably. Consequently, 

and we refer to 



M : 



e 



My X and V = M 



e 



p.,q>l 



Y,X 



as the matrix submodule and the vector submodule, respectively. The matrix trans- 
pose A^~^ A^ induces the permutation of tensor factors CTp,, : {M'^p f'^ ^ (M'»i)'^p 
given by 



(4.1) 



) (g) • • • (X) (^C 
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Let X, y G N'^^P denote matrices with constant columns and constant rows, 
respectively, and define 



M™„ = My,^ and M™ = My^x- 

x.l'GN'JXP; p,q>l X.yGN-JXP; p,q>l 

Consider q x p monomials 



A 



a. 



Oi, 



G Afy^x and B 



oVq , . , oVq 



e M 



The row (or coderivation) leaf sequence of A is the p-tuple of lower (input) indices 
rls (A) = (xi, . . . ,Xp) along each row of A. Dually, the column (or derivation) leaf 
sequence of B is the g-tuple of upper (output) indices els (B) = (yi, . . . , j/g)"^ along 
each column of B. Pictorially, each graph in the j*'^ column of A has Xj inputs and 
each graph in the i*^ row of B has yi outputs (see Figure 9). 
The hisequence suhmodule is the intersection 



M = Mrow n M = 



e 



x.yGN-JXP; p,q>l 



A q X p monomial ^ £ M is represented as a hisequence matrix of the forr 



(4.2) 



A = 



all 



in which case rls (A) = {xi, . . . ,Xp) , els {A) = (yi, . . . , y,) . Since M plays a 

central role in this exposition, we let = (A e M | x = rls (A) and y = els {A)) 
so that 

M = M^. 

p,q>l 

By identifying {H'^if^ « (jj^p)®'? ^j^]^ (^^p) g ^^2^ ^g^^^ ^j^j^^j^ of a q x p 
monomial A G as an operator on the positive integer lattice and pictured 
as an arrow from (|x| , g) to (p, |y|) (see Figure 9 and Example [1]). While this 
representation is helpful conceptually, it is unfortunately not faithful. 



AeM. 



23 




6 ■- • 



2 ■■ 




Figure 9. A 2 x 2 monomial in M and its arrow representation. 
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Unless explicitly indicated otherwise, we henceforth assume that x x y = 
(xi, . . . , Xp) X (yi, . . . , yqf e N^^P X W^'^ with p,q > 1. When the context is 
clear, we will often write y as a row vector. The bisequence vector submodule is the 
intersection 

V = VnM = M® M^eM^. 

x,y^N; s,teN 

Example 4. Let M = Mi,i © = (^'i) ® (6*2) • Then the bisequence vector 

submodule of TTM is 

V = Mj © M}i ® Mjii © • ■ • ® M}^ © Mj" © ■ • ■ © 

© M^2 ® M^22 ® • ■ ■ © Mf © Mf 2 . . . 

« r+ (Mi,i) © r+ (Mi,i) © T+ (M2,2) ® T+ (M2,2) . 

A submodule 

W = M© W^ffiW^CV 

x,y^N; s,teN 

is telescoping if for all x, y, s, t 

('i; wy c My, c m^; 

(ii) • • • © a^' e Wy implies (g) • • • e W^''"''^" for aU j < q; 
(Hi) /3* ^ (g) ■ • ■ «) e impHes /3* ^ «) ■ • ■ (g) /?* . G W* for all i < p. 

The term "telescoping" reflects the fact that if /?* ^ g) • ■ • © (31^ G W for some p, the 
truncations /?* (g • • • (g /?* . S W for all i < p. Note that is some submodule of 
M^^ (g) • • • © M^^ and is not necessarily of the form Bi® ■ ■ ■ ® Bp with Bi C M^.. 

The "telescopic extension" of a telescoping submodule W is the submodule W C 
M defined as follows: Given X = {xi,j) , Y = (j/ij) G N'^^p and 1 < i < consider 
the i*'' row {yi^i, . . . ,yi,p) of y and its constant substrings of maximal length, 
i.e., let 1 = ti < i2 < • • • < ^fei+i = p + 1 be those column indices such that 
for tr < u < tr+i and 1 < r < fcj we have yi^t^ = yi^u 7^ yi,tr+i- Form the row 
matrix x.^^^ = {^i,tr: ■ ■ • i Xi,tr+i-i) and define 

wi-^x = (w^i;! ® • • • © w^:;*:;^ )©•.•© (wii- © ... © w^::,:'; ) . 

Then q x p monomials in Wy x are block matrices whose blocks are row matrices 
in WxVt' I but unlike standard block matrices, the number of blocks in each row 
may vary. We remark that block matrices of this kind, as well as their refinements 
obtained by subdividing the given blocks, appear in general "Block Transverse 
Pairs" defined below. Dually, obtain Wy x by considering the j*'* row {xj^i , Xj^p) 

of X and its constant substrings of maximal length. Let y^.^ — {yj.ii ■ ■ ■ 7 Uj.tr+i-i)'^ 
and note that q x p monomials in crp,gM^yx ^^'^ block matrices whose blocks are 
column matrices in W^j'[^ . Define 

W'= Wi.,x and W"= ap^.W^^^^ 

X,YeN9XP; p,q>l X,yeN«xP; p,q>l 

then the telescopic extension of W is 

W = W nw" C M. 
In view of 14.11 W contains all bisequence matrices with rows in some W^. 
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Remark 1. When constructing the z"' (parenthesized) block Wx/,! (8) • • • (8) Wx^^^' 
ofWy x (and dually, the j*^ block ofWy x)' there are two extremes: 

(i) If adjacent entries in the i*^ row ofY are distinct, then h = p and the i*^ 



block ofW{.x is MS;;i 



i Mx;,p since = (and dually for the 



3 



*^ row ofX). 



(ii) If all entries in the i*" row ofY are equal, i.e., yi^r = Q for all r, then the 



nth 



block ofWy x is W^. ^ (and dually for the j'*" row of X). 



5. Prematrads 
5.1. T-products on M. Given a family of maps 7 = {M®9(g)M®P 



M}p^q>i, we 



describe a canonical extension of the component 7 = {7J : ® — > Mj^j} to 

a global product T : M (g) M ^M. Pairs of bisequence matrices in (gi are 
called "transverse pairs." 

Definition 2. Let M = {Mn^rn}^n>i ^ bigraded R-module. A {qx s,txp) 
monomial pair Afg> B = [a^] (g) [Pxl'j] €M(g)M is a 

(i) TranHuarst Pai,r (TP) if s = t = 1, Uij = q, and Vk,i = p for all j and k, 
i.e., setting Xj = xij and yk = yk,i gives 



PI 



)MS. 



(a) Block Transverse Pair (BTP) if there exist t x s block decompositions A ■ 



A' 



id B = [Blj,] such that A'-^ (g B'-^ is a TP for all i and i. 



Unlike the blocks in a standard block matrix, the blocks A'^^ (or B'-j) of a BTP 
A (g) G M (g) M may vary in length within a given row (or column). However, if 



A (g) s e M^^;;,X* 



is a BTP, each TP A'^^ (g B, 



I Ml\ so that 



for fixed i (or £) the blocks A'^^ (or B'^^) have constant length qi (or pf ). BTP block 
decomposition is unique; furthermore, A (g U G (g is a BTP if and only if 
X X y e N^^l^l X N'"!^^ if and only if the initial point of arrow A coincides with 
the terminal point of arrow B. 



Example 5. yl (4 x 2, 2 x 3) monomial pair A 
BTP per the block decompositions 



B e M^f43 



Mf ^3 is a 2 X 2 





1 "2 1 


1 a\ 1 










A = 




1 5 1 

1 '-'^1 1 


B = 


\ PI 


PI \ 


[Pl 




1 "2 ; 


1 1 




\ PI 


PI \ 


[Pl 




1 "2 1 


1 "1 1 
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Given a family of maps 7 — {M®* (g) M^p M}p^q>i, extend the component 



7 = {7^ : My (g) M« ^ mM} to a global product T : M (g. M ^ M by defining 



0: 



A (g) B is a BTP 
otherwise, 



(5.1) 

where A'^j ® B-^ is the j)*'* TP in the BTP decomposition of A^B. 

We denote the T-product by "•" or juxtaposition. When A(S^B ~ [ap^]^® 
is a TP, we write 



AB^j{al\. 



■ a: 



.Vq. 



0"^ 8'' ) 



As an arrow, Ai? "transgresses" from the a;-axis to the y-axis N^. When 



^txp g My M" is a BTP and A' 



) B[^ e M^; (g) M«'. is its BTP decomposition, 



AB is a t X s matrix in Mj^jj As an arrow, AB runs from the initial point of 
B to the terminal point of A. 

Note that T-products always restrict to the submodules 'M.row and M'^"', and 
consequently to M. To see this, consider a BTP A®B& M'^"' (g M™' with block 
decomposition [^^J ® [^ij] • Since each entry along the i*'* row of i? has q outputs, 
each block A'^ - is a column of length q. Since all entries along a row of A have the 
same number of outputs, the total number of outputs from each block A'^ - is the 
same for all j. Thus AB € M™', and dually M™„ • M™„ C Mrow 

Example 6. Continuing Example\^ the action of T on the (4 x 2,2 x 3) mono- 
mial pair A® B ^ M2f'*^ ® 23 produces a 2 x 2 monomial in M33' : 



. _ J L 



! 01 PI ! ! Pi 



'3 1 
'3 1 



\Pl PlWPl \ 



i Pf PI ! 



o3 1 
-^3 I 



al ! ! pl pl 



' ^,3 ' ' fll ' 

L__i J L-.'l J 

In the target, (|xi|,|x2|) = (1 + 2,3) since (pi,P2) = (2,1); and (|yi|,|y2|) = 
(1 + 5 + 4, 3) since {qi, (72) = (3, 1) . As an arrow in N^, AB initializes at (6, 2) and 
terminates at (2, 13) . 

5.2. Prematrads Defined. Let l^^^ = (1, . . . , 1) e N^^^' and = (1, . . . , 1)"^ £ 
pj9xij "v^c often suppress the exponents when the context is clear. 

Definition 3. A prematrad (Af, 7,77) is a bigraded R-module M = {Afn.m}„ „>]^ 
together with a family of structure maps 7 — {7^ : (g -'^jx'} '^'^'^ unit 

rj : R —> M} such that 

(i) the induced map T is associative on M and 

(ii) for all a,b £ the following compositions are the canonical isomorphisms: 



g) M 



b % . 



7ii>, 
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We denote the element rj^lji) by 1m- 
A morphism of prematrads (M, 7) and (Af',7') is a map f : M ^ M' such that 
fll^ilW^" ® for all y X X. 

Remark 2. //(A/, 7) is a prematrad, the restrictions (Afi_*, 7^) and (M*,i, 7^^) 
are non-Y, operads in the sense of May (see [9]j. 

Given a bisequence matrix A'^^p S M^, let 1^^^^^ and iI^I^p denote the (bise- 
quence) matrices whose entries are constantly 1m- Then in view of Axiom (ii) we 
have T (l\y\^P- A) = A = T (A; li^\^\y Some examples of prematrads now follow. 

Example 7. A non-H operad (if, 7*) withj.^ : K{p)®K{xi)®- ■ ■®K{xp) — * if(|x|) 
is a prematrad via 

M ^/^M' and^^^i"'^' = ^ 

"'™ 1 0, otherwise 1 0, otherwise 



(c.f. Remark\^. For a discussion of the differential in the special case K — A, 
see Example \19l 



•00 ; 



Example 8. Let [K = 0„>i i^("), 7*) and [L = ®m>iL{m),"f*) be non-T, op- 
erads with K(l) — L{1) and the same unit rj. Set 

{K{n), ifm = l f 7x, j/y=l 

L(m), ifn^l and 7x = S 7^7 «/x=l 
0, otherwise [ 0, otherwise, 

then (Af, 7) is a prematrad. 

Example 9. The Prematrad PROP M. There is a canonical prematrad structure 
on PROP Af, denoted by M^'^^, with unit 77 determined by »7 (Ij?) — {the unit of 
PROP Af}. To define the structure map 7, let M be the bisequence submodule 
of TTM. For p,q > 1, iterate the "horizontal" product x : Mn^m Mn'^m' ^ 
Mn+n'.m+rn' in PROP M (c.f. [T] , [9jJ and obtain the map 

where x° = Id. View Q!^^| G as a graph with p groups of q outputs (j/1,1 • • • yi,q) 

■■• iVp,! ' ' ' Vp.q) (labeled from left-to-right). The leaf permutation 

Crq,p ■■ (2/14 • • ■ Vhq) ■ ■ ■ {yp,l ■ ■ ■ yp,q) ^"^ {VlS ' ' ' Vp-l) ' ' ' (^1,9 ' ' ' ^P,?) 

induces a map cr* ^ : Mj'^i Mj'^i . And finally, let o : M^.b ® Mh_a Mc^a be the 
"vertical" product in PROP M. Then 7 is the sum of all compositions 

(5.2) ^l-.mi® mi x'-^-^-^ MjfJ ® Mf^^i MjrJ ® Mf^'i ^ Mj^l 

and induces an associative T product on M whose values are matrices of (typically) 
non-planar graphs as in Figure 9. In particular, let H be a free DG R-module 
of finite type and view the universal PROP Ur = End{TH) as the bigraded R- 
module M = {Ham {H'^'^ , H'^")}^ m>i ■ ^^^n aqxp monomial A £ Ml admits 
a representation as an operator on via the identification (iJ®?)®"? (p^ g) with 
the action of A given by 
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T/ius we think of A as an arrow (|x| , g) i— > (p, |y|) in N^. /n i/iis setting, the map 
x''^^ (E) xP~^ in \5.S\ is the canonical isomorphism and j agrees with the composition 
product on the universal preCROC [15j . 

Example 10. The Universal Enveloping PROP U (M). Recall that the structure 
map ^FP in the free PROP FP (M) is the sum of all possible (iterated) "horizontal" 
and "vertical" products Mn^m ^n' ,m' ~> Mn+n' ,m+m' cind Mc^b 'S^ M^^a Mc,a- 
Furthermore, the tensor product induces left Sn- and right Sm-actions 

Mn,n ® Mn,m "'^'^ Mn,n ® Mn,m Mn,m and 

Thus if {M,^m) is a prematrad, is a component of on ® Let J 

be the two-sided ideal generated by ®xxy ilpp ~ 1m) (■'^p ® -l^x) ■ Then 

U{M) = FP{M)/J 

is the universal enveloping PROP on AT Note that the restriction of U to operads 
is the standard functor from operads to PROPs [1]. 

5.3. Free Prematrads. "Free prematrads" are fundamentally important. In Def- 
inition [4] below, we borrow our notation for the matrix and bisequence submodules 
of TTM and use G to denote the set of matrices over G^^° and G to denote the 
subset of bisequence matrices in G. 

Definition 4. Let Q = {^m)m n>i f'"'^^ bigraded R-module generated by sin- 
gletons and set G\^i = 6\ = \ ^ Q. For mn > 2 and each pair {i,j) < {m,n) 
such that i + i < m -\- n, assume has been constructed and define 

G^m = U 01\J{A,---Ai\s>2}, where 

i-\-j<im-\-n 
{ij)<{7n.n) 

(i) e G^, |x| - 

(ii) As e Gy, |y| = 3, 

(Hi) Af. e G, 1 < r < s, and 

(iv) some association of As ■ ■ ■ Ai defines a sequence of BTPs. 
Let ~ be the equivalence relation on GP''° = G^'^ generated by 

(v) |ai1><p - a - 19x1^ I a g Gp} , 

(vi) {[A^jBij] ^ [Aij] [By] I [Ay] ® [B^j] is a BTP in G ® G} , and 

(vii) {{AB)C - A{BC) \ A (E) B and B (g> C are BTPs in G (g> G}. 

Define QP''' = G^""/ - and let F?" (9) = (^^p''^). Juxtaposition 7 induces an 
associative product T on FP''° {&) , the map rj : R ^ F^'^ (8) given by rj (In) = 1 
is a unit, and (i^P'^''(8), 7, ry) is the free prematrad generated by Q. 

Example 11. The Aqq operad . Let e„, ^ and 6" = 9"^ for all 

m,n> 1. The non-sigma operads K ^ F^ (9^) and L — F^ (9*) are isomorphic 
to the Aoc operad and encode the combinatorial structure of an A^o-algebra and an 
Aoo-coalgebra, respectively. Let denote the 1 x p matrix [9i - ■ ■ 9m • ■ ■ ^1] with 
9m in the i*'' position, and let 9^ j denote the q x 1 matrix [9^ ■ ■ ■ 9" ■ ■ ■ 9^'\ with 
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6" in the j*"^ position. Then modulo prematrad axioms (i) and (ii), the bases for 
K and L given by Definition^ are 

• • • ' e if (mi + pi - 1) I rrv = Pr-i - Pr + l} and 



91 Ji 



G i {ni + g; - 1) I Ur = Qr+l -qr + l}. 



Given A e QP'^^ C FP^^ (9), choose its representative As ■ ■ ■ e G?^^. Then 
in view of (iv), some association of • ■ ■ defines a sequence of BTPs; thus s — 1 
successive apphcations of T produces a 1 x 1 (bisequence) matrix B G G^''^ . Now 
consider all factorizations Bk ■ ■ ■ Bi oi B such that Bi G G and Si / 1 for all i. 
Then some such factorization has maximal length. 



Definition 5. Let A G t/,P'°„ C (6) . A representative A^ ■ ■ ■ Ai 



G GP''' 



of 



A is of Q -factorization if for all k < s, each entry of A^ is an element of Q. 
A representative Bk ■ ■ ■ Bi G Gl^ff^ of A is of bisequence factorization if Bi G G 
and Bi ^ 1 for all i < k. A balanced factorization is a bisequence factorization of 
maximal length. 

Remark 3. The factors of each basis element in Example \11\ are indecomposable 
with entries from 6. Consequently, these elements are balanced Q -factorizations. 

Note that the 8-factorization 



A3A2A1 





















. ^2 . 




6l el 



[ 



is not a bisequence factorization since A2 is not a bisequence matrix. Also note 
that A3A2A1 only associates on the left since A2 (8" Ai is not a BTP. Let B9 = 
T (A3; A2) G FPJ°3 (9) ,B,^A,e F^;,,, (9) , and i? = 7(i?2;Si) G FP^° (9) ; 
then B2B1 and B are bisequence factorizations (see Figure 10) of which 



(5.3) 



B2B, = 



[ 



is balanced. 




YYY 

Figure 10. Graphical representations of -82-81 and B. 



In view of Definition [4] item (vii), T is associative on FP''° (9) . Although the 
fractions corresponding to various associations of a bisequence factorization repre- 
sent the same graph, these fractions can look quite different. For example, the two 
associations of 



(5.4) 



G3G2G1 



n el 



eFP-(9) 
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are represented by the fractions 



XX A XXA 
XYAI = XAYI 
XYY XY Y 



(C3C2)Ci — C3(C2Ci). 

In terms of Example [9l there is a polygonal path in that represents the balanced 
0-factorization in (|5.4p and is constructed in one of two ways, depending on the 
choice of association. If we associate on the left and think of (|5.4p as the composition 



^(»3-j®2 (XV) (Al) ^^(^2^m 'T2,28'l 



jj^4 AVV 

in PROP M, we obtain the polyigonal path in Figure 11 



'^®2-j®3 ( XX)A ^, 



®5 




12 3 4 

Figure 11: The polygonal path of (C3C2) Ci. 

When m,n > 1, balanced factorizations As ■ ■ ■ Ai of a monomial A e FP''^ (Q) 
are unique. But when Ai or is a 1 x 1-matrix (which always happens in the 
operadic cases m = 1 or n = 1), there are multiple balanced factorizations of 
A, each of which can be identified with some planar rooted leveled tree (PLT). 
Recall that a PLT with s levels and k leaves specifies the order in which s pairs 
of parentheses are inserted into a string of k indeterminants. Thus, each rep- 
resentative of an isomorphism class of PLTs with s levels represents a different 
factorization of the same monomial. When such factorizations are balanced, we 
always choose the factorization that successively inserts left-most parentheses first. 
Given this selection criterion, we henceforth refer to "f/ie balanced factorization" 
of A. For example, the balanced factorizations B3B2B1 = [^^ 5/1 qI'^^ [5/1 6)2jT^2 

and B'^B'^B'^ = [9^ 9^ 9^]'^ [9^ 9^]'^ 9^ in L (4) = Ff ° (9) are identified with the 
respective PLTs 



Y 



(••) 



(••)(••) and 



Y 



(••) - (••)(••); 
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hence B3B2B1 is the balanced factorization of A = 7 (7 {B3; B2) ; i?i) . 

We now construct a set that conveniently indexes the module generators C 
PP"'' (9) . Define a map (j) : ^p''" GP'" that splits the projection GP'''= 0^''= ^ 
Gprey' ^ follows: For each pair {m,n) with m + n < 3, set (j){c\sd^^) — O^. 
Inductively, for each pair (m, n) with m + n > A, assume that has been defined on 
CyJ™ for ? + j < m + n. Then given a class g G ^^'^^5,,, define (/){§) to be its balanced 
representative and let B^'^^ = IJ'^n'm — I™ 

Although a general element of /? G 8^'^° is not a 0-factorization, there is a 
related PLT 5* (/3) whose leaves are 9-factorizations. Let Bg ■ ■ ■ Bi be the balanced 
factorization of /3, and let (/3fe) denote the tuple of entries of B^ listed in row order. 
If the entries of each Bj. are 8-factorizations, set ^E* (/3) = "ifi (/3) — (3. Otherwise, 
replace those entries of each Bk that are not 0-factorizations with their balanced 
factorizations and form the 2-level tree {P) with root (3 and leaves labeled by 
the entries of the (/3fe)'s, i.e., 

Bs - - Si 

(5.5) *2(/3)= / I \ 

m ••• {h) ••• (/3i). 

If the leaves of ^"2 (/?) are G-factorizations, set 5" (/3) — ^'2 (/3). Otherwise, re- 
place those entries of each {j3k) that are not 0-factorizations with their balanced 
factorizations and obtain the 3-level tree ^"3 {(3) by appending the tree ^2 {(3') to 
the branch of each leaf (3' . If each level 3 entry of {(3) is a 0-factorization, 
set 5* {(3) — (/?); otherwise continue inductively. This process terminates after 
r steps and uniquely determines an r-level tree 5* {[3) whose leaves are balanced 
O -factorizations. 

Example 12. The 3-level tree associated with the balanced factorization B2B1 in 
^5.3\) above is 

B2B1 




61 ( el e\ ) e\ ( e\ e\ ) e\ el e\ . 

Finally, let C?- = {M/ | /3 e }; then C?- = U™,„Cp- indexes the set 
of module generators for FP''*' (0) . In Subsection 6.2 we identify a subset C C 
whose elements simultaneously index module generators of the "free matrad" F (0) 
and cells of the matrahedra KK. This identification relates the module structure 
of F (0) to the combinatorics of permutahedra. 

5.4. The Bialgebra Prematrad. As is the case for operads and PROPs, prema- 
trads can be described by generators and relations. 
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Definition 6. Let = PP'"' (0) / where & = (6i;\ = 6'„ ^ if and 

only if m + n < 3) and A B if and only if hiAcg{A) = bideg(-B). Let rj{l) = 
9\ ~ \ and let 7 he the structure map induced by projection. Then (HP'^'^, 77, 7) is 
the bialgebra prematrad if the following axioms hold: 

(i) Associativity: 7(6*^; 6*^, 1) = 7(^2; 1>^2)- 
(a) Coassociativity: ^i{0\, 1\9\) — 7(1, 6\; 9l). 
(Hi) Hopf compatibility: l{6l]e\) ^ l{dl,elel,el) . 

Each bigraded component Ti^'^ is generated by a singleton Cn,m\ for example, 

ci,2 = el C2,i = 0?,^ci,3 = lieleli), C3,i = i{eli-el), 02,2 = 7(^?;^2), and 

so on. Note that H^^l and TiJ^"^^ are operads; the first is generated by e\ subject 
to (j) while the second is generated by e\ subject to {ii). Both are isomorphic to 
the associativity operad Ass (|9])- And furthermore, for the bialgebra PROP B we 
have BP'"" = and [/(^p™) = B. 

Given a graded i?-module i7, a map of prematrads 7^?'° Uh defines a bialgebra 
structure on H and vise versa. Since each path of arrows from (m, 1) to (1, n) in 
represents some T-factorization of Cn,m (see Figure 11), we think of all such paths as 
equal. Therefore 7^?''° is the smallest module among existing general constructions 
that describe bialgebras (c.f. [8], [E]). Although the symmetric groups do not act 
on prematrads, the permutation (Jn,m built into the associativity axiom minimizes 
the modules involved. 

5.5. Local Prematrads. Let M — {Mn.m}^^ n>i ^ bigraded i?-module, let 
W be a telescoping submodule of TTM, let W be its telescopic extension, and let 
7^ = |7y : wy W« ^ W[^[| be a structure map. If is a BTP in W® W, 

each TP A' ® B' in A ^ B lies in (g) W| for some x, y,p, q. Consequently, 7^ 
extends to a global product T : W <8i W W as in (|5.ip . In fact, W is the smallest 
matrix submodule containing W on which T is well-defined. 

Definition 7. Let W be a telescoping submodule of TTM , let 7-^ = {7^ : 

® ^|xj I a structure map, and let rj : R ^ M. The triple (M, 7wi 

is a local prematrad ( with domain W ) if the following axioms are satisfied: 

(i) Wi = Mi and W\ = M[ for all x, y. 

(ii) T is associative on WflM. 

(Hi) The prematrad unit axiom holds for 7w ■ 

Example 13. LefV be the bisequence vector submodule of TTM. If (M,^) is a 
prematrad, then 7 = 7v md (M, 7) is a local prematrad with domain V. Local sub- 
prematrads (M, 7w) C (M, 7) are obtained by restricting the domain to submodules 
such as Ml, M.I, and Mj U Note that (A'/,7mj) and [m,^^^^ are operads. 

6. Matrads 

In this section we introduce the objects in the category of matrads; morphisms 
require a relative theory that will be constructed in the sequel. As motivation, 
let 6 = ^ 0)m n>i I Ist 1 = e\, and consider the canonical projection pP''° : 
^""(6) rC"; then" 
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P 



01, m + n<3 
0, otherwise. 



Now consider a differential on FP''°(0) such that is a free resolution in the 
category of prematrads. Then the induced isomorphism giP''° : (^F (6), 9 ) ~ 
Ti^ implies 

d''-{0f) = j{l,0l0f)-^{0ll;0f). 

However, defining on all of Q is quite subtle, and while it is possible to canon- 
ically extend d to all of 8, acyclicity is difficult to verify. Instead, there is a 
canonical proper submodule Tioo C F (O) and a differential d on Tioo such that 
the canonical projection g : Hoc Ti. is a free resolution in the category of "ma- 
trads." Furthermore, we conjecture that the minimal resolution of Ti in the category 
of PROPs (and consequently, in the category of prematrads) is recovered by the 
universal enveloping functor U discussed in Example 1181 below, i.e., the minimal 
resolution of the bialgebra PROP B is U{p) : UiHoo) ^ C/(WP™) = in which 
case Hoc is the smallest extension of T^p''® in the category of modules. 
The precise definition of Tioo requires more machinery. 

6.1. Matrads Defined. Consider a family of pairs (Wq,7q,), where Wq C TTM 
is a telescoping submodule, and the corresponding family of telescopic extensions 
{Waj^a)- To each pair (Wa,fa) the T-factorizations given by via Definition [5] 
below determine a unique "configuration module" P (W„) C Wq with the following 

property: If W^, C ^N p and = _ , then P (W„) C P (W^) . The local 



Wo 



prematrad (M, 7^^) is a "matrad" if Wq is "P-stable," i.e., is the smallest 
telescoping submodule such that P(Wq) ~ P (W/3) whenever C W/5 and 

Matrads are intimately related to the permutahedra P = U„>iP„. Recall that 
codimension k — I faces of P„_i are parametrized by planar rooted leveled trees 
(PLTs) with n leaves and k levels (see [S], |12|). If n > 3, an n- leaf sequence is an 
r-tuple n — (ni, . . . , n^) € W such that r > 2 and |n| ~ n. Let 01 denote the down- 
rooted g-leaf corolla and identify n — (ni, . . . , n^) with the fraction 6*"^ • • • 6'"'^/6'[. 
Then n-leaf sequences parametrize the codimension 1 faces of Pn-i - More generally, 
for rt > 2, define the (n, 1) -leaf sequence of the n-leaf corolla 0" to be rii = n. Given 
a PLT T = with n > 3 leaves and /c > 2 levels, write = 6*"''' • ■ • 0'^''''^ /T^ 
and define the first leaf sequence of T to be the ri-tuple rii = (?^i.i, . . . I'T^i.n)- 
Inductively, if i < fc and = (n^.i, . . . ,ni^ri) is the i*'' leaf sequence of T, define 
the {i+iy^ leaf sequence of T to be the first leaf sequence of T'"*"^. The induction 
terminates with = n^^i, and we define the (n,k)-leaf sequence of T to be the 
A:-tuple (ni,...,nfc). 

Conversely, an (n, k)-leaf sequence (ni, . . . , n^) with n > 2 and l<A:<n— lis 
defined to be the (n, fc)-leaf sequence of some PLT with n leaves and k levels. Thus 
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(n, fc)-leaf sequences parametrize the eodimension k — 1 faces of Pn-i, and in par- 
ticular, its vertices are parametrized by all (n, n — l)-leaf sequences (ni , . . . , n„_i) , 
where = (1, . . . . 2, . . . , 1) e N"~* with 2 in position j for some 1 < j < n — i. 

Each face of P„_i is identified with two PLTs-an up-rooted PLT and its down- 
rooted mirror image. To avoid ambiguity, we will often refer to leaf sequences of 
up-rooted PLTs as ascent sequences and to those of down-rooted PLTs as descent 
sequences. 

Given a telescoping submodule W and its telescopic extension W, let Wrow — 
W n Mrow and = w n m''"'. 

Definition 8. Given a local prematrad (M, 7w) and p,q > 2, let C G M* „j and 

(i) A row factorization of ^ with respect to W is a T -factorization Ai ■ ■ ■ Ak — 

( suchthatAj G Wrow andils^Aj) ^ Iforallj. The sequence {r\s{Ak) , 

rls(^i)) is the related (m, k)-ascent sequence of C,. 
(ii) A column factorization of ^ with respect to W is a T -factorization Bi ■ ■ ■ Bi 

= ^ such that Bi S and c\s{Bi) ^ 1 for all i. The sequence (cls(i3/), . . . , 

cls(_Bi)) is the related {n,l)-descent sequence of^. 

Clearly, column and row factorizations are not unique. Note that an element A £ 
Mn^t, always has a trivial column factorization as the 1x1 matrix [A]. When matrix 
entries in a row factorization are pictured as graphs, terms of the ascent sequence 
are "lower (input) leaf sequences" of the graphs along any row, and dually for 
column factorizations. 



Example 14. A T-product 
C = C1C2C3 = 



0^2 

PI 



'I ^,2 

n 01 



[9l il e M5,4 



is simultaneously a row and column factorization of C . As a row factorization, the 
(4, 3)-ascent sequence of C is 

(rls (C3) , rls (C2) , rls (Ci)) = ((121) , (12) , 2) ; 

as a column factorization, the related {h^i)- descent sequence of C is 

/l^ 

(cls(Ci),cls(C2),cls(C3)) 





((121), (12), 2) ((122)^ (21)^, 2) 
Figure 12. Ascent and descent sequences of C. 

Let m,n > 2. Given A G A/*.™ and B G Af„^*, choose a row factorization 
Ai ■ ■ ■ Ak oi A and a column factorization Bi ■ ■ ■ Bi of B; let m and n be their 
respective {m, fc)-ascent and (n, /)-descent sequences. The ascent sequence m iden- 
tifies A with an up-rooted m-leaf fc-level PLT and hence with a eodimension k — 1 
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face CA of Pm-1- Dually, the descent sequence n identifies B with a down-rooted 
n-leaf Z-level PLT and hence with a codimcnsion / — 1 face es of Pn-i- Extend- 
ing to Cartesian products, given monomials A — Ai ig) ■ ■ ■ Aq e (Af*,™)*^' ^^d 
B — Bi iS) ■ ■ ■ 'Si Bp {Mn,*)'^^ are identified with the product cells 

eA = e^i X • • • X e^i, C {Pm^i)"''' and es = esi x • • • x C {Pn-i)^^ ■ 

Now consider the S-U diagonal Ap and the cellular inclusions A^''^^\Pr) C 
(Pr)^'' defined for each r,k > 1 (see Subsection 13.21) . Then for each q > 2, the 
product cell ba either is or is not in the subcomplex A'^'^'^^Pm-i) C (P„i_i)^^, 

and dually for cb and A*^p^^-'(P„_i) C [Pn-i)^'' ■ This leads to the notion of 
"configuration module." 

Let xP'^ = (1, . . . , m, . . . , f ) e N^^P with m in the z*'' position and let y^ j = 

(f,...,n, ...,1)-' e with ri in the j*^ position. 

Definition 9. The (left) configuration module of a local prematrad (Af, 7^) is the 
R-module 

T{M, 7„) = M © (A/) ® Tl{M), where 

x.y^N; s,t>l 

f (AgW^ |g^cA(«-i)(P.^i)), s>2 

r?'(A^) = < Mf , y = y'lj for some j, n, q 

[ 0, otherwise, 



( (^BeWl\^.BcA(p-^HPt-i)), t>2 

^xi-^) = S X = x^* /or some i, m,p 

I 0, otherwise. 

Thus r^(Af) is generated by those tensor monomials B = Bi ® ■ ■ ■ ® Bp G C 
Aft,a;i • ■ • ®Mt^xj, whose tensor factor Bi is identified with the cellular component 
of A^P"^^ {Pt-i) corresponding to some column factorization Bi = Bij ■ ■ ■ Bt i with 
respect to W, and dually for r^(Af). 

Example 15. Referring to Example\^ let M = Afi_i © Af2,2 = (Ol) © (Oj) , and 
consider the local prematrad [M, "f^ ) . Note that the action of 7^ is trivial modulo 
unit (e.g., • M\-^ = M| and Mf ■ Ml^ C M| = Oj. Then 

Tl{M)^Tl{M)^T+{A'hA)- 

Since A = (^2)'^'' ^^n be thought of as an element of either Mj'"^ or M2...2 we 

have EA^CA^ (-Pi)'"' = A(«-i)(Fi) so that 

r2(Af) «r*(A/) «r+(Af2,2). 

Thus 

r(Af,7,)=V. 

Since r = f is the only case in which we have the equality A'^'^'^^Pr) = {PrY'' 
for each fc, it follows immediately that if A e Mn,m is 7^ -indecomposable (in 
which case its row and column factorizations with respect to W are trivial) and 

e^i X • • • X = e™^^ x • • • x e™^^ is a subcomplex of A^"^^) (P„j_i), then either m — 
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2 and n is arbitrary or m > 2 and n = 1; dually, if x • • ■ x = e"^^ x • • ■ x e"^^ 
is a subcomplex of A^™^^)(P„_i), then either to is arbitrary and n = 2 or to = 1 
and n > 2. Consequently, 

0^r^(M)«T+(M2,,) and 0^ r^(M) « r+(M,,2). 

On the other hand, if TO + n > 4, (to, n) ^ (2,2), and e r(M,7^), then r = 1, 
and the inclusion r^(M) C is proper whenever s > 3, y G with q > 2, 

and My.^s contains a 7w-indecomposable element for each 1 < j < 9, and dually 
for r^(M) C . 

We are ready to define the notion of a matrad. 

Definition 10. A local prematrad (M, 7-^^,77) is a (left) matrad if 

r^(M, 7w) ^ niM, 7w) = ® 
for all p, q > 2. A morphism of matrads is a map of underlying local prematrads. 

Example 16. The Bialgehra Matrad Ti. The bialgebra prematrad TC satisfies 
ry(M) ® r«(M) = ® M« for p,q > 2. Hence 7f" is also a matrad, called 
the bialgebra matrad and henceforth denoted by TL. 

Example 17. Continuing Example \13\ the inclusions (Mi.,,7^j) C (M, 7^^) and 
(M*_i, 7j^, ) C {M, ) are inclusions of matrads since r^(M, 7^^, )^T^{M, 7^^ ) — 
My (8) M« = for p,q>2. In particular, when M = F"'" (9) and 9^^ ^ for all 
m,n> 1, the free operad {Aqo,^-^^ ) embeds in (F (8) , 7^^ ) as a submatrad ( c.f. 
Examvle \ll\ and Definition \ll\ below). 

Example 18. The Universal Enveloping Functor U {M) . The universal envelop- 
ing PROP U (M) discussed in Examvle \10[ induces a functor U from the category of 
matrads to the category of PROPs. Given a matrad {M, 7^), let FP{M) be the free 
PROP generated by M and let J is the two-sided ideal generated by the elements 
exxy (7w - 7.p) (r^(M) ® r|(M)) . Then 

U{M) = FP{M)/J 
is the universal enveloping functor on M. 

6.2. Free Matrads. Recall that the domain of the free prematrad (Af = F^ (Q), 7, 
r]) generated by 6 = {9^)m.n>i is V = M © M^ © Mj, whose submod- 

ules M, M^, and Mj' are contained in the configuration module F (Af). As above, 
the symbol "■" denotes the 7 product. 

Definition 11. Let (Af = F^ (0),7,77) be the free prematrad generated by Q = 
i^m)m n>i ' "^^^ Z*^^^ matrad generated by 9 is the triple 

{F{e) = T{M) ■ r(A/), 7,,,^^„ := 7lr,M,«r(M,, v) ■ 

Let (3 £ B^'^°. In Subscction l5.3l we constructed the r-level tree 4'(/3) whose leaves 
are balanced 9-factorizations; the set CP'" = {^i(/3) | /3 g ^p™} indexes the set QP"" 
of module generators of the free prematrad i^P''°(9). Let Q — F{Q) D CJp™ and let 
B = <i){g). Then 

C ={*(/?)) 1/3 eS} 
indexes the set Q of module generators of F[Q). 
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To establish the relationship between elements of G and cells of KKn^m, let 
f} = As ■ ■ ■ Ai e Bf^'^ and observe that j3 G Bn.m if and only if the tensor monomials 
along each row and column of A^. lie in r(FP'''^ (O)) for all k (see (|8.7p below). Let 

C," = \ (3 ^ As - ■■ Aie Bn,m and either Ai or is a 1 x 1} ; 

then in particular, „j — Ci,m and C„ ^ = Cn,i- Let ,„ = C„,m \ C" „j; then 
Cn,m = m '-' m ^'^^ cach TO, 71 > 1. Elements of C are defined in terms of Ap; 
elements of C" are independent of Ap. 

Define the dimension of 6*^ = 1 to be zero and the dimension of 6*^^ to be 
m + n — 3; a A G G, then the dimension of A, denoted by \A\, is the sum of 
the dimensions of the matrix entries in any representative monomial in G, and in 
particular, in its balanced factorization in B. Clearly, given y x x G N'^^ x N^^^, 
the set {\A\ \ A ^ G^} is bounded and, consequently, has a maximal element. For 
example, if A is a monomial in r^(i^ (6)) with s > 2 and ba is the corresponding 
subcomplex of Ap (e*^^) , then = ca +|y|—(7; and dually, if B is a monomial 

in Tl^{F (8)) with t >2 and is the corresponding subcomplex of Ap"^' (e*~^) , 
then |S| = es + |x| -p. Consequently, max{|^| | A G FH-F' (©))} = |y| + s - 9 - 2 

and max{|B| | B G F^(F (9))} = |x| + t - p - 2. In particular, if A G Gn+i,m+i 
has balanced factorization f3 = Ag ■ ■ ■ Ai, 1 < s < to + n, then codim A > s — 1 
and codim yl = s — 1 if and only if the dimensions of each bisequence matrix Af^ is 
maximal (see (|8.12l) below). 

Example 19. The AoQ-hialgehra Matrad Hqq. Let 6 = (0," ^ ^)m n>i ■ ^'^V 
that /5 G C has word length 2 if and only if [3 — C2C1 for some Ci G and 
C2 G G^ with y x X G X N^^P. Define a differential d : F(e) ^ F(e) of 

degree —I as follows: Let 

ABn,m = {^(/3) I /3 G C,i,m o-'^id has word length 2} . 
Denote the corresponding bases o/FJ(_F(0)) and F^(i^(0)) by {Sx}/5eZ3l '^"■'^ 
{^plae^^ respectively. Then A\ = = Q\ with B\ = i + j - 3; = 6*?^' 
wii/i X = x^j* anrf = TO — 2, and = 0^,^- wzi/i y = y^ ,^- and = n — 2 ('c./. 
Exanivle [77]) . /n general, \{B^)fj\ — \x.\ + q — p — 2 and \{Ay)a\ = |y| +p — q — 2 
/or p,q > 2. Then each ca^ is a component of Ap (e^^^) wit/i the associated 
sign (—1)*^" and each e^^ is a component of Ap '^^ (g^^^) with the associated sign 
(—1)'^'^. Define d on generators by 

(6.1) a(c)= E {-iy^'-^''i[{Aiu{Bi)p\, 

(Q,/3)e^i3,„,„ 

where ( — 1)*^ is the standard sign of the codimension 1 face e(y,x) C Pm+n-2 de- 
fined in \6.S\l below. Extend d as a derivation of 7; then — follows from 
the associativity of ^ . The DG matrad {F{Q), d) , denoted by Tioo and called the 
Aoo-bialgebra matrad, is realized by the matrahedra {KKn^m ^ C) (^^^ Theorem 
[7] below). One recovers Aoo by restricting d to (7ioo)i.* or (7ioo)*,i- 

The codimension 1 face e(y x) C Pm+n in Example 1191 is defined as follows: For 
X G N'' with |x| > p > 1, let Ax\Bx denote the codimension 1 face of P|x|-iwith leaf 
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sequence x. Let x : Pn 

by 



(6.2) x{Ai\---\Ak) = i-Ak+n + l)\- 

Then given integer sequences (y,x) such that |x 



Pn be the cellular involution defined ioi Ai \ ■ ■ ■ \ Ak C Pn 

■\{-Ai+n + l). 



set 



AilBi = 




X = 

X rn + 1 
otherwise, 



1, |y| 

0|71, 

n| 0, 

Ay\B. 



y ' 



n, + 1, m, n > 2, 

y = 

y = n + 1 
otherwise, 



and define 

(6.3) e(y,,) = ^1 U {A2 + m)\Bi U {B2 

Then, for example, e(in+i^i™+i) = rn\{n + m) and e 



((n+l),(m+l)) = (2l+'7l)|m, 

13|24. Note that e = ^(to — 1) in (|6.ip gives the sign of the 
C P„i+p-2 (see [12]) and simplifies the standard sign in the 



while e((2i),(2i)) 
cell e(y^,,i) = e^-L^^p.,) 
differential on |S]. 

Example 20. For m = n = 3, p = 2, q — 3, x — (2,1) and y — (1, 1, 1) 
■^V^ — {q^} fl'^c? ^Bli = {Pii P2, Pa} and corresponding bases 



An 



B, 



and B 



/3i 



Be 



el el 



Thus, d{el) = -7(A„ ; Bp, + B^i, + 



(see Examvle \31\) . 



6.3. The Biderivative. In ]13] we used the canonical prematrad structure 7 on the 
universal PROP Ua ~ End{TA) to define the biderivative operator. By replacing 
Ua with an arbitrary prematrad [M, 7) we obtain the general biderivative operator 
Bd^ : M ^ M having the property Bd^ o Bd^ = Bd^. An element yl £ M is a 7- 
biderivative if A = Bdj{A). Note that Bd^ (M) C (r(Af ), 7); when M is generated 
by singletons in each bidegree, the image i?d-y(M) is the module of fixed points 
of Bd-y and gives rise to an algorithmic construction of an additive basis for the 
Aoo-bialgebra matrad Hoo- More precisely: 

Proposition 1. Let (M, 7) be a prematrad generated by Q = {ei^}m.n>i, o-nd let 
Bdry : M — > M denote the associated biderivative operator. Then 

(i) Bd^{M) C r(M,7) and Bd^ o Bd~, = Bd^. 

(ii) Each element e £ Q has a unique ^-biderivative dg E M. 
r(M,7) = (d^). 

Thus the 7-biderivative can be viewed as a non-linear map d2 : M M. When 
M = End (TA) we omit the symbol 7 and denote the biderivative of 6* by dg as in 



In particular, the modules {Bd^{M^^2)) C T+(M*,2) and {Bd^{M2,*)) C T+(M2,*) 
are spanned by symmetric tensors (compare Example [T5)l : furthermore, Bd.^{Mn,m) = 
Mn,m for m, n > 2. 

Finally, the algorithm that produces dj for {M, 7) = (FP''' (O) , 7) simultane- 
ously produces an additive basis for Hoo- 
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Proposition 2. Let 8 — (6*,"^ ^ 0)^^^ ^^^^ as in ExamvleMfA Elements of the bases 
{iA^)a}aeAl fl'^'^ {(^x)/3}/3ei3| '^'^^ exactly the components of dg inT^{F{Q),j) 
and r^(-F (6) , 7) with degrees \y \ + p — q — 2 and \x.\ + q — p — 2, respectively. Thus 

|x|=Tra; |y|=n 
AxB6(dJ)Jx(d2)J 

Proof. The proof follows from the definition of dg and is straightforward. □ 
6.3.1. The ©-Product. Given a prematrad (M, 7) , define a (non-bilinear) operation 

(6.4) ® : M X M M x M ^ M M, 

where proj is the canonical projection. The following facts are now obvious: 

Proposition 3. The ® operation acts bilinearly on M^_i and Mi^*. In fact, when 
M ~ End{TH), the ® operation coincides with Gerstenhaber's o-operation on 
Ml., (see [ij and dually on A/,^i. 

Remark 4. The bilinear part of the ® operation, i.e., its restriction to either 
M^^i or Mi^^, is completely determined by the associahedra K = UKn (rather than 
permutahedra) and induces the cellular projection i^o : P„ — > Kn+i due to A. Tonks 

7. The Posets VV and /C/C 

In this section we construct a poset W and an appropriate quotient poset /C/C. 
The elements of JCK, correspond with the 0-dimensional module generators of the 
free matrad TYoo- The geometric realization of /C/C, constructed in Section 8, is the 
disjoint union of matrahedra {i^_fC„.m}^ ^^^^ whose cellular chains are identified 
with Hoc- 

Let Vn denote the set of vertices of P„ and identify V„ with the set Sn of 
permutations of n = {1, 2, . . . , n} via the standard bijection V„ <-> S'n. The Bruhat 
partial ordering on Sn generated by the relation ai \ ■ ■ ■ |a,i < ai \ ■ ■ ■ |ai-|-i|ai| • • • |a,i 
if and only if Oi < ai+i imposes a poset structure on Vn- For n > 1, set Wnfl = 
Wa^n = Vn and define the geometric realization PPn,o = \'PVn,o\ ~ YPVo^n] = 
PPo,n to be the permutahedron P„. Then KKn+1,1 = |/C/Cn+i,i| — |/C/Ci^„+i| = 
KKi^n+i is the Stasheff associahedron Kn+i (see [16], [17], [12]). In the discussion 
that follows, we construct the posets Wn.m and /C/C„+i_m+i and their geometric 
realizations PPn,m and KKn+i^m+i for all m,n>l. 

Denote the sets of uprooted and down-rooted binary trees with n + 1 leaves and 
n levels by A„ and V„, respectively, so that each vertex of P„ is indexed by two 
trees, one the reflection of the other. These indexing sets have a poset structure 
induced by the standard bijections £ : An ^ V„ and £ : V„ — > Vn, and the products 
A^"*, V^™, and A^" x V„^™ are posets with respect to lexicographic ordering. 
When faces of P„ are indexed by uprooted trees, its top dimensional cell is indexed 
by the uprooted corolla and dually when faces are indexed by downrooted 

trees. Now think of A^^ {dL+i) 

as a subcomplex of P^""'""'^ with faces indexed 
by products of uprooted trees; dually, think of as a subcomplex of 

P^™+^ with faces indexed by products of down-rooted trees. Then the 0-skeletons 
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C A^."^ (0^+0 and r-+i C Ap 
and there is the inclusion of posets 
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(61"+^) are subposets of A^"+i and V^™+i 



Express x £ A^" as an n x 1 column matrix of uprooted binary trees and replace 
X with its (unique) BTP factorization as a T-product xi ■ ■ ■ Xm € M, where Xi is an 
n X i matrix over {l, A = 62} with A appearing in each row exactly once. Dually, 
express ySV^^asalxm row matrix of down- rooted binary trees and replace y 
with its (unique) BTP factorization as a T-product j/n • • • yi G M, where yj is an 
j X m matrix over {l,Y = ^f} with Y appearing in each column exactly once. 

Example 21. The fact that A^' (x) = X x X and A^p^ (y) = Y x Y implies 



xl = 



X 
X 



and Yl = [yy] so that x = 

™^ a(i) 



X 
X 



[YY] 



When m = n = 2, the subcomplexes Ap'{9l) and Ap'{9f) of P2 x P2 agree with 
the Alexander- Whitney diagonal approximation on the square. Representations of 

its three vertices as products of permutations and matrix sequences are: 

a\bxc\d : 1|2 x 1|2 < 1|2 x 2|1 < 2|1 x 2|1 



-'2 



X 
X 



Y 1 

Y 1 



X 1 
X 1 



[YY] 



< 



< 



X 
X 



Y 1 
1 Y 



X 1 
1 A 

[YY] 



< 



< 



A 
A 



1 Y 
1 Y 



1 A 
1 A 

[YY] 



Furthermore, A%^ (y) = Y x Y x Y implies Y^ = [y Y Y] so that X| x Y^ = 





X 




X 


1 




' A " 




■ A 1 " 




A 




1 


A ' 




{ 


X 




X 




[Y Y Y] < 


A 




1 A 


[Y Y Y] < 


A 






A 


[Y Y Y]| 






1 






1 





Definition 12. Let A = [a^] be an {n + 1) x m matrix over {1, A}, each row of 
which contains the entry X exactly once. Let B = [bij] be an n x (to -|- 1) matrix 
over {1, y}, each column of which contains the entry Y exactly once. Then {A,B) 
is an {i,j)-edge pair if 



(i) A^ 

(ii) aij 



B is a BTP, 

= flj+ij = A and hi 



Y. 



For Ai - ■■ ArnBn ■■■ Bi e X the only possible edge pair in is {Am, Bn) ■ 

In X2 X 1^2"^, for example, the respective matrix sequences 



A 




A 


1 " 


A 




A 


1 


A 




A 


1 



Y Y 1 
1 1 Y 



do and do not contain an edge pair. 





A " 




" A 1 " 


[Y Y Y] and 


A 




A 1 




A 




A 1 



Y 1 1 

1 Y Y 



[Y Y Y] 



Definition 13. Let Q be a poset and let xi < X2 € Q. The pair {xi,X2) is an 

edge of Q if x £ Q and Xi < x < X2 implies x = xi or x = X2. 

Edges of X Y^^^ correspond to 1-dimensional elements of Hao generated 

by {1,^1, ^f, 61,61}; 1-dimensional elements of Woo generated by {1,^2)^11^2} 
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correspond to edges of a poset Zn^m related to but disjoint from x 1^^^, 

which wc now define. 

Let A" and B*^ denote the matrices obtained by deleting the i^^ row of A and 
the column of B. 

Definition 14. Let c = C\ - ■ - Cr he a sequence of matrices such that (C^, C^+i) is 
an {i,j)-edge pair for some k < r — 1. The -transposition of c in position k is 
the sequence 

The symbol T-j (c) implies that the action of Tjj on c is defined. 

Note that if 7^^ acts on u = Ai • • • ■ ■ ■ Bi € X^+'^ x then fc = m and 

the potential edge pairs of consecutive matrices in 

7-7 (n) = ^1 • • ■ A^_,B*JAZB,,_, ...B, 

are (A„,_i,S;j) and (^»,B„_i). If {Am-uB*J) is an edge pair and T^^"^ is 
defined on 7^™ (u), then 

and so on. In this manner, iterate T on each element u € x Y^^^ in all 

possible ways and obtain 

= {^iX ■ (^) I ^ G X^^' X t>l]. 

Then 

To extend the partial ordering to Zn.m, first define c < (c) for c £ Wn,m. 
To define a generating relation on Z„^m, note that each composition T^^j^ • • ■T^^^-^ 
defined on u e X'^^ x Y^~^^ uniquely determines an (m, n)-shufile a, in which case 
we denote 

and define TJd = Id . On the other hand, if some (m, n)-shufHe cr 7^ Id cannot be 
realized as a composition of (i, j)-transpositions on u, the symbol 7^ (u) is unde- 
fined. For Ml < M2 € X^+i x define T^, < % {U2) if (ui,W2) is an 
edge of X^^^ x F,™"*"^ or U2 is "cr -compatible" with m in the following sense: Let 
o = ai I • • • \a„i G Srn and 6 = 61 1 • • • |5„ G S'n. The action of cr on (a; 6) decomposes 
a and 6 into subsequences mi , . . . , and ni , . . . , n; in one of the following four 
ways: 

mi, ni, m2, n2, . . . , nfc_i, mfc, a (ai) = ai, a (6„) ^ bn 
mi,ni,m2,n2, . . . ,mfe,nfe, cr(ai) = ai, cr (6„) = 6„ 
ni,mi,n2,m2,...,nfc,mfc, a (ai) ^ ai, a {bn) ^ bn 
ni,mi,n2,m2, . . . ,mfc,nfc+i, cr (01)7^01, C7(6„) = 6„. 

Define I„ = {(ai, q;„+i) e 5*^"+^ | ctj e x ••• x S^^k C 5^} for all i 

and J, = {(/3i, ...,/3„+i) e | /3,- G x • • • x C 5„} for aU j. Let 

X ■ ^ be the involutory bijection defined by 

X(ai| • • • km) = (to + 1 - a^) I • • • I (m-l- 1 - ai) 

and fix the inclusion of posets 

(7.1) X A v^"+' X v„^™+' ^ 5^"+' X 



cr (a; b) 
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<n+l 



m+1 



Then U2 is a -compatible with ui if U2 — {a x 



where t = ° ^ 
(i){ui) for some a x /3 e 1^ x J^. 

To view this geometricahy, suppose U2 — A[ ■ ■ ■ A'^B'^ ■ ■ ■ B[ is cr-compatible 
with ui = Ai - ■ ■ AmBn ■ ■ ■ Bi in XI^^ x YI"+^. For each i, let Ui — - ■ ■ \im 



and a' = 



be the permutations of m corresponding with the up-rooted 



trees given by 7-products Ai^i ■ ■ ■ Ai^m and ^ • • • A- ^of rows, respectively; 
dually, for each j, let bj — ji \ ■ ■ ■ \jn and b'^ = ji \ • ■ ■ \j'n be the permutations of n 
corresponding with the down-rooted trees given by the 7-products -Bn.j • • • Bi j and 
B'^ J ■ ■ ■ B[ J of j*'* columns, respectively. Then for each , the cj-partition of 
(oi; bj) determines a product face mi| • • ■ |mfc x ni| ■ • ■ |n; C Pm x Pn containing 
the vertices x bj and a'^ x b'j and an oriented path of edges from x bj to a[ x b'^ . 

Remark 5. Note that if {ui,U2) is an edge of X^^^^ x the partial ordering 

in 'PPn,m implies that (T (ui) , T (112)) is an edge of Wn.m- The transpose map 
X^+^ X K^+i ^ X given by A, ■ ■ ■ A^B^ ...B^^^Bf--- B^A^ ■ ■ ■ Aj 

induces a canonical order-preserving bisection Wn.m ^ 'P'Pm,n- 

Example 22. Using the notation of Examvle \21[ let us determine those elements 
Ui e X2 X Yi that are a-compatible with ui. Since all matrices in ui have constant 
columns or rows, Oi x bj = 1|2 x 1 C P2 x Pi for all i.j. The (2,1) -shuffles of 
(1,2;3) are ao — 1|2|3, <7i — 1|3|2 and 02 = 3|1|2. The ai-partition o/(l|2;l) 
determines the face 1|2 x 1 C P2 x Pi whose only vertex is ui. Hence the only 
element 0/ X| x that is ui-compatible with ui is itself. If a ^ {f7o,cr2}, the 
a-partition o/(l|2; 1) determines the face 12 x 1 C P2 x Pi with vertices are 1|2 x 1 
and 2|1 X 1. Since all matrices in U3 have constant columns or rows, x = 2|1 x 1 
for all i,j implies that U3 is a-compatible with ui. Furthermore, a'l x b'j = 1|2 x 1 
and a'2 X b'^ = 2|1 x 1 for all j implies that U2 is also cr-compatible with ui. Since 
ui < U3 we have Ta-^ (wi) < ("s) ■ 



Example 23. Since Z\_\ = [y] [a] we have 

[YY]<[Y][A] 





X 




A 



Using the notation of Example \22\ the action of T on 

[Y Y Y] and U3 
produces the following four elements of Z\^2 '■ 



Ml 



X 




X 


1 " 


X 




X 


1 



X 




1 


X 


X 




1 


X 



[r Y Y] 



Ui 



X 
X 



[YY] [X 1]^[Y][A] [X 1] 



[YY] [1 x]^[r][x] [1 X]. 

Thus V'Pi.2 = {ui < %^ {ui) < %2 [ui] , U2, U3 < %^ (U3) < %2 ("3)} ■ Recall 
that the action of T on U2 is undefined, and as mentioned in Examples \21\ and 
ui < U2 < U3 and T^^ [ui) < T^^ (ua) (see Figure 13). 



U3 



X 
X 
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X 




YYY 

Figure 13. The digraph o{VPi^2. 
One can represent u = Ai ■ ■ ■ AmBn ■ ■ ■ Bi e X^^^ x 1"^'+^ and z — (u) e 
Zn,m as piecewise hnear paths of from (m + 1, 1) to (1, n+1) in the integer lattice W' 
with m + n horizontal and vertical directed components. The arrow (i + 1, n+ 1) — > 
(j, n+1) represents Ai, while the arrow (m + 1, j) — > (m + 1, j + 1) represents Bj. 
Consequently, u is represented by the path (m + 1,1) ••• (m + l,rt+l) 
• • • ^ (1, n + 1), and z by some other path. In general, if the path (r + 1, s — 1) ^ 
(r + 1, s) (r, s) represents the edge pair (AJ,, B[) in z, the path (r + 1, s — 1) ^ 
(r, s — 1) ^ (''is) represents its transposition {B[' ,A'l) in T(z) (see Figure 14). 



Ai 


A2 


Az 








B'2 


B2 




A'2 


A'^ 


Bi 


1 • 1 







Figure 14. ^1^2^3-82-81 < ^lAaS^AJjSi < AiB'^A'2A'^Bi. 

The poset JCJC is a quotient of VV, which we now describe. Recall Tonks' pro- 
jection '■ Pm K,n+i [H]: If a and b are faces of Pm, then -do (a) = i3o (b) if and 
only if corresponding PLTs are isomorphic as planar rooted trees (forgetting levels). 
Define a ^ b ii'dg (a) = 1)0 (b) . Then Vm+i — ^0 (V,n) is the set of vertices of Km+i- 
For example, 3|1|2 = 1|3|2 e V4, since 3|1|2 and 1|3|2 are end points of the degen- 
erate edge 13|2 C P3, and in terms matrix sequences we have [x] [X 1] [1 1 A] = 
[X] [1 X] [X 1 1] (and dually [1 1 Y]^ [Y 1]^ [y] = [Y 1 1]'^ [1 Y]'^ [y] ). Of course, 
Vi - V2 = [X] and V2 = V3 = {[X] [X 1] , [X] [1 X]} . 
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For matrix sequences in X^^, define x[ ■ ■ ■ x'^ xi ■ ■ ■ Xm if the trees pro- 
duced by 7-products of i*'' rows are equivalent for each i. Dually, for matrix se- 
quences in define y'n - ■ -y'l ~y Un ■ ■ ■ TJi if the trees produced by 7-products of 
j*'* columns are equivalent for each j. Define axb ^ cx d in Xi^-^ x Y"'-'^^ if a c 
and b d. Finally, for ui < U2 e X^'^ x F,™^"^ ^nd zi = %{ui) < Z2 ^ %{u2), 
define zi ^ Z2 if ui ^ U2- Then 

and : Wn.m l^l^n+i,m+i denotes the projection. 

8. Constructions of PP and KK 

We conclude the paper with constructions of the geometric realizations PP = 
IVVl and KK = |/C/C| . While the edges of PP and KK reafize the edges of VP and 
JCIC, it is difficult to imagine their higher dimensional faces. Fortunately, PPn,m is 
a subdivision of the permutahedron Pm+n, which is a subdivision of Thus 
the higher dimensional combinatorics oiPPn,m are determined by the orientation on 
the faces of More precisely, we construct PPn,m as a two-step subdivision 

process: (1) Perform an "(m, n)-subdivision" of the codimension 1 cell m | {n + m) C 
Pm+n and (2) use the (m, n)-subdivision to subdivide certain other cells of Pm+n- 
But first we need some preliminaries. 

8.1. Matrices with constant rows or columns. Given a set Q of matrix se- 
quences, let 

conQ ~ {Ci ■ ■ ■ Cs E Q \ Ck has constant rows or constant columns} . 

Note that if Ai ■ ■ ■ Am G conX^^, each Ai has constant columns; dually, if 
Bn ■ ■ ■ Bi G cony^"+^, each Bj has constant rows. Consequently, the inclusion 
of posets K : X';^+^ x ^ V^,"+i x V^^+i given in ([73]) restricts to an order- 

preserving bijection 

(x ° i) X £ : con {X^+^ x conX,"„+i x conr„™+i 

(8.1) ^ A (V^"+i) X A (V„^™+i) ^ Vm X V„, 

where A (V;J;"+^) Vm is given by the embedding Vm ^ Hn"^^ along the diagonal 
subposet A (V^"+i) = {(w, ... ,1;) \ v e Vm} ■ Thus elements of V,„ x V„ may be 
represented as matrix sequences in con [X^^ x 

Note that (i, j)-transpositions preserve constant rows and columns, i.e., u £ 
con'PT' n.m 

if and only if T/] (u) G con7''P n.m- And furthermore, if u — Ai - - - Am 
Bn ■ - - Bi e con (X^^ X Y™~^^^ , and a is an (m, n)-shuSle, 7^ (u) is defined since 
each Ai has a constant column of A's and each Bj has a constant row of Y's. Thus 

(8.2) conPVn,m^ U (con(x;;+i xr^+i)). 

{m,n)-shufflcs cr 

The order-preserving bijection 

con7'7'i^2 = 7'Pi,2 \ {"2} ^ V3 
discussed in Example E51 illustrates the following remarkable fact: 



MATRADS, MATRAHEDRA AND Aoo-BIALGEBRAS 



35 



Proposition 4. The bijection (^x° • con {X^^ x Y^^^^) Vm x V„ extends 

to a canonical order-preserving bijection 



: COnVVn,,n 



Thus \ : \conW„ 



P, 



rn+n ■ 



Proof. There is the order-preserving bijection 

(x ° ^) X e 

: con (^Xl^^ X i^"^^) <— > 

•Sm X Sn via the identification Vm x V„ ^ x Sn- Tlius 

con'PT'n^ni ^ {(7 o ((7,„ X (T„) | CT is an (m, n) -shuffle; ct™ x (j„ G S"™ x Sn} 

by formula ()8.2p . But each permutation in Sm+n factors as cr o ((t„j x (t„) for some 
(m,n)-shuffle a and some am an G S„i x 5„. Therefore {xotj x 1 extends to 



Sm-\-7l 



V, 



□ 



Corollary 1. For all m,n > I, there is the commutative diagram 
|con(X;\+i xF^+i)! ^ \conVVn,m\ 

m | (n + to) ^ 



Note that Corollary [T] involves two different correspondences between 7-products 
of matrices and vertices of permutahedra. 

Example 24. Continuing Example \23\ the identification con'P'Pi,i <-» V2 is given 
by 



X 
X 



[YY] 



r 



I 



{l,l)-shuffle 



[y] [A] 

: 

211. 



ll(l + l) 

The identification con'P7^i,2 V3 : 

^2 [6*2 &i] ^ 1|2 e 5*2 and [Y Y Y] 0^ 1 e S'l 



A 




■ A 1 " 


A 




X 1 



so i/iai 



X 




X 


1 " 


X 




X 


1 



Similarly, 





X 




' 1 X ' 


Us = 


X 




1 A 



[Y Y Y] ^ 1|2| (1 + 2) = 1|2|3 G S'2 X ^i. 



[Y Y Y] ^ 2|1| (1 + 2) = 2|1|3 G 52 X S*! 
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and we have 



X ' 




X 


1 " 


X 




X 


1 



Y Y Y 



I 

11213 



X 




1 


X ' 


X 




1 


X 



[Y Y Y] 



I 

21113 



X 
X 



[YY] [X 1] 



I 

11312 



[Y][A] [X 1] 
I 

31112 



{2,1) -shuffles o/l|2|3 



X 
X 



[YY][1A] ^ [Y]W[1A] 



I 

21311 



: 

31211 



(2,1) -shuffles o/2|l|3. 

The projection d : con Wn,m — > con VVn,m/ ^ has the foUowing simple ge- 
ometrical interpretation: An element of con (X^+i X r„"+i) is represented as a 
fraction with multiple copies of the same leveled binary tree in the numerator and 
likewise in the denominator. Two such elements are equivalent if and only if the 
trees in their numerators or denominators (possibly both) are isomorphic as PRTs. 
So equivalence in con {X^^^ x Y^~^^) amounts to forgetting levels as in Tonks' pro- 
jection. The poset structure then propagates this equivalence to general elements 

of con PVn,ni- 

Remark 6. Our constructions are independent of the various choices involved here. 
If Ap iterates Ap on factors other than the those on the extreme left, let x 
y^"+^ he the poset defined in terms of Ap'' and let VVn.rn be the poset produced 
by our construction. Then there is a canonical bisection Wn.m ^ Wn^m and 
the corresponding geometric realizations are canonically homeomorphic. When Ap 
acts on the extreme right, for example, a (combinatorial) isomorphism \Wn,m\ — 
\'PVn,m\ is evident pictorially: The picture of\Wn,m\ uses the standard orientation 
of the interval P2, while the picture of {Wn.ml uses the opposite orientation, but 
nevertheless, these pictures are identical. 

8.2. Step 1: The (m, n)-subdivision of m| {n-\-m). The first step in our con- 
struction of PPn,m performs an "("^, n)-subdivision" of the codimension 1 cell 
rn\{n + m) C Pn+m- In Subsection 13.21 we applied the left-iterated diagonal Ap^ 
to construct the n-subdivision Pm*'' of Pm. Since poset X^^ is the 0-skeleton of 
A^"^ (A™+i) , the geometric realization \X^+^ \ = and dually \ Y;^+'^ \ = pj^'^ . 

The cellular subdivision x y™+i| = p/"'' x pl"'' oirn\{n + m) = P„ x P„ 

is called the {m,n)- subdivision of tti | (21 -I- to) ; thus each cell in this subdivision 
has a canonical Cartesian product decomposition. The basic subdivision vertices of 
PPn,m are elements of 

BSn,m — {X^^^ X Y^^^) \ Vm+n- 
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Each subdivision cell of PPn,m is a proper subset of some cell of Pm+n and is the 
geometric realization of its poset of vertices. 

Example 25. The 1-subdivision P2^'' consists of two 1-cells obtained by subdividing 
the interval P2 at its midpoint (see Figure 4)- Thus the (2, 1)- subdivision P2^^ xP'^^ 
of the edge 12|3 C P3 contains one basic subdivision vertex represented by the 
midpoint 

[Y Y Y] e Xl X \ con {Xj x Y^) , 

and two 1-cells of PPi^2- In fact, PPi,2 is exactly the heptagon obtained by subdi- 

(2) 

viding P3 in this way. The 2-subdivision P2 consists of three 1-cells obtained by 

subdividing P2 at its midpoint and again at its three-quarter point. Thus the (2, 2)- 
(2) (2) 

subdivision ^ ^2 0/ the square 12|34 C P4 contains twelve basic subdivision 
vertices and nine 2-cells of PP2^2 cis pictured in Figure 15. 



X 




X 


1 " 


A 




1 


X 



("2") (2'] 

Figure 15. The {2, 2) -subdivision Pj x P2 . 
The (3, 1)- subdivision Pg"'^' x P^^ of the hexagon 123|4 C P4 is identified with the 

1-subdivision P^^ and contains eleven basic subdivision vertices and eight 2-cells of 
PPs^i as pictured in Figure 16. 




Figure 16. The (3, 1)- subdivision P^^ x P^\ 

The (3, 2) -subdivision Pg XP2 of the cylinder 123|45 C P5, obtained from P3 xj 

by subdividing along the horizontal cross-sections pj^'* x i, P^^ x |, and pj^-* x |, 

contains 140 basic subdivision vertices and eighty-four 3-cells of PP3,2 (P3 is 
pictured in Figure 8). 

8.3. Step 2: Subdividing cells of P,n+n \ ni\ {n-\-m). Recall that elements of 
Zn.m arise from the non-trivial action of 7^ on X^^ x Y™^^. When a ranges over 
all (m, n)-shufFles (including the identity), we obtain the poset 

(m,n)-shuffics a 
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of subdivision vertices of VVn,m- Thus as sets, Wn,m = conWn.m LlSn.m- 

The second step of our construction detects those cells of Pm+n\in\ {n + "m) that 
contain subdivision vertices. We refer to such cells as Type I cells; all other cells 
have Type II. We use the poset structure of subdivision vertices to subdivide Type 
I cells, and having done so, our construction of PPn.m will be complete. 

To begin, let us characterize those Type I cells of minimal dimension that contain 
non-basic subdivision vertices. If e is a cell of some polytope, denote the set of 
vertices of e by Vg. Given an (m, n)-shuffle a and a cell e C m | (n + m) , let T (cr, e) 
denote the cell of Pm+n of minimal dimension such that 7^ (Ve) ^ ^T{a,e)- This 
defines a map 

T : {(to, n) -shuffles} x {partitions of m\ (n + to)} — )■ {partitions of to + n }, 

which extends the map {a, ct™ x (T„) ct o [am x CTk) in the proof of Proposition 3] 
To define T at a particular shuffle a and partition e = ^i| • • • • • • |-B; C 

to | (n + to) , remove all block delimiters of e and think of e as a permutation 



of TO 
{^1, 



in which Ai and Bj are contiguous subsequences. Consider the set 



, Dr} of all contiguous subsequences a{Ai) and o{Bj) of cr (e) that preserve 
the contiguity of the i?j''s and ^i''s, respectively, then reinsert block delimiters so 
that 

Since each cell of Pm+n can be expressed uniquely as a component of the combina- 
torial join Pm *c Pm we have 

(8.3) r(a, e)^E H<(ij) F = E[\j{F[ + m)\---\E'^\J [F^ + to), 

where Ei and are the unions of consecutive blocks Aii \ ■ ■ ■ \ Aii^irr and Bji \ ■ ■ ■ 
respectively. Thus a acts on the blocks of e as a {k, ^)-shuffle if and 
only if Ci = for all i if and only if T{a,e) — Ai \ ■ ■ ■ \ Ak Bi\ - ■ -{Bi for 
some (k, ^)-unshu01c (i;j) = [ii < ■ ■ ■ < ik ] ji < ■ ■ ■ < ji) of k + 1 . Clearly, a cell 
a C Pn+m contains a non-basic subdivision vertex 7^ (u) if and only if a = 7'(cr, e) 
for some cell e C to | (n -I- to) containing a basic subdivision vertex u on which 7^ 
acts non-trivially. In fact, a contains at most one non-basic subdivision vertex when 

TO + 71 < 4. 

The following proposition incorporates the property of T described in Remark [5] 
and will be applied in our subsequent examination of the poset structure of VPn.m- 

Proposition 5. // a cell e C to | (n -I- to) contains a subdivision cell a C 1^™"^^ x 
and Tfjiya) C (iS„. m H T((t, e)) U V7-(a,e)i then |7^(Va)| is a subdivision cell 
o/T((T, e) (combinatorially) isomorphic to a; in particular, if a = ai x 02, then 



\%(Va,)\ X \%{Va 



Proof. Since 7^ (u) is defined for all u G Va and %, preserves the poset structure of 
Va, the cells a — \Va\ and |7^(Va)| are combinatorially isomorphic. □ 

Example 26. The action of T on the four vertices of 12|34 partitions the 24 
vertices of P4 into four mutually disjoint sets of six vertices each. The vertices 
vi = 1|2|3|4 and V2 = 1|2|4|3 of edge e = 1|2|34 correspond respectively to 
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There are two basic subdivision vertices ui and U2 along e, exactly one of which 
admits a non-trivial action of T, namely, 



Ui 
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1 " 


X 
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X 
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Y Y 1 
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1 Y 


[YY] 
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To physically position zi and Z2, first note that 7^^ (Ve) — {Ta^ (wi) = 1|3|2|4 , 
{V2) = 1|4|2|3} and%, (Ve) = {%, [v^) = 1|3|4|2, {V2) = 1|4|3|2} . 7Vo«; e = 
j4i|yl.2|i?i = 1|2|34 and ui (e) = 1324; thus ai (Bi) is not contiguous in a\ (e) and 
(Ti (^2) breaks the contiguity of B\ in a\ (e) . Thus D\ — a\ (v4i) and T(a\,e) = 
1|234. On the other hand, cr2 (e) = 1342; in this case T((T2,e) = 1|34|2 since a2 
acts on the blocks of e as a (2, \)-shuffle. Consequently, we represent the vertices zi 
and Z2 as interior points of the faces 1|234 and 1|34|2, respectively. To complete the 
subdivision of 1|234, use the poset structure to construct new edges from ui to zi 
and from zi to Z2, and apply Proposition\^ to the subdivision cell a = (fi, Ui) C e 
to construct the edge |7^^(Va)| from 1|3|2|4 to zi. Then 1|234 ~ c?i U ci2 U ^3 in 
which = {ui,U2,V2,%^{v2),%2['^^2),Z2,zi}, Vd^ = {ui,vi,'Ta^{vi),Zi}, and 
V(j3 = {7^1 (wi), (wi), Z2, -^i} (see Figure 17 and Example \27^ . An algebraic in- 
terpretation of these cells appears in the discussion of 3 following Theorem 
1. 




1131214 



1121314 



Figure 17. The subdivision of 1|234 in PP. 
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8.4. PP-factorization of proper cells. Recall that an clement of Wn,m is as- 
signed to a unique directed piece- wise linear path from (m +1,1) to (l,rt + l) 
in with m + n components of unit length (see Figure 14). Let Hn.m de- 
note the set of all such paths and consider the map tt : 'PVn,m — > n„^m. If 
u G con {X^^^ X Y^^^^ , i.e., m is a vertex of m| (n + m) , then tt restricts to a 
bijection {7^ (u) \ (m, n) -shuffles a} <-> Iln,rm and in view of Proposition 31 tt as- 
signs each vertex of Pm+n to a path in Iln,m albeit non-injectivcly. 

Now consider a proper cell c = Ci\ - ■ ■ \Cs C |con'PP„^m| ^ Pm+n- Each factor 
Ct is a permutahedron Pmt+nt whose vertices are assigned to connected subpaths 
of paths in Hn,m- Assign c to a directed piece- wise linear path Sc = Uet in the 
following way: Write c = Ei\ - ■ ■ \Ef Pi| ■ • ■ |Pg and obtain sequences 

(8.4) 7 = {m + 1 = 70 > • • • > 7/ = 1} and 5 = {I = 5o < ■ ■ ■ < 5g = n + 1} , 

where 7^+1 = 7; - #P/-i and 5j+i = Sj + #Fg^j, and assign Ct = P^ U (P/ -I- m) 
to the path 

(1) St : (7t'-i ,n + l — j) {"ft' , n+l —j), if C't = E-y^, for some t' and maximal 
j such that Fg^, P^'^ ^ and si < • • • < Sj < t; 

(2) St : (?,(5t') — > {i,St'+i), if Ct = P^^, + m for some i' and maximal i such 
that Pj^, ...,Ps. 7^ and si < • • ■ < s; < i; 

(3) et : (7»,''5j) -> lji+i,6j+i), if Ct = P^. U (P^^. m) with E^^^Fg^ ^ for 
some 

In particular, a cell a ~ Ai - ■ ■ AkBi ■ ■ ■ Bi C |con x | ^ rn\{n + m) 

is assigned to the path 

Sa ■■ {m + 1, Pq) ^ ■ ■ ■ ^ {m + l,/3/) ^ (ai,7i + 1) • • • ^ (a/c,^^ + 1) , 

where a — {m + 1 = ao > ■ ■ ■ > ak — 1} and (3 = {1 ^ (Sq < ■ ■ ■ < (3i = n + 1} 
(case (3) does not occur). Thus if c = T{a,a) , the observation in (|8.3p implies 
that 7 C a and S C (3. 

Given a subdivision cell d C T{a,a), there is a subdivision subcomplex u G a 
such that d = |7^(Vu)|. Representing a as a partition • • ■ |C/s of m| (n + to) , 
there is a Cartesian product decomposition d = Pi x • • ■ x Pg in which Pt is a 
subdivision cell of Ut- The representation • • • |[/s = P P relates the paths 
associated with the vertices of Ut to the vertices of Pt, and in view of case (3) 
above, the vertices of Dt are assigned to paths related to those z S %j{Vu) given 
by the action of 7^ on the matrix sequences x^.^-^ ■ ■ ■ x-f.-iys^^-i^-i ■ ■ ■ ySj associated 
with the vertices of u as a (7^ — 7i+i, — (5j)-shuffle. But in every case, there is 
the Cartesian product decomposition 

Dt — (e,,t „t X • • • X e„t „t ) x • • • x (e„t „t x • • • x e„t ), 

where e^t^^t is some cefl of PPyt,^.* and {pt,qt) e {{jf ,n+l - j), {i, Sf), (7^+1, 5^)}, 

Pi H hpt e {7t'-i,«,7i}i and qi ^ h 9t £ {n + 1 - j, (5t'+i, (5j+i} (Cartesian 

product decomposition of Pt is trivial whenever m — 1 or 71 = 1). Therefore every 
proper cell e„_m C PPn,m has a Cartesian matrix factorization 

(8.5) e„,™ = [{Syix] X • • • X e 1 ^1 ) x • • • x (e 1 .^1 x • • • x Cyi ^^1 )] x • • • 

X[(eyj,a;= X ■ • ■ X eyj,a;j^) X ■ • ■ X (Cy^^ X • • ■ X gj^^^ ,3;= ^ )] , 

where pi = gs = 1 and s > 2. The decomposition in (|8.5p is a P P -factorization if 
each factor e^,*; ^.k lies in the family PP. 
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Indeed, each factor e^k k of e„ „ has a Cartesian matrix factorization with 

^i~^yj < m + n, and we may inductively apply the decomposition in (j8.5p to 
obtain a decomposition of e„^m as a Cartesian product of polytopes in the family 
PP. This decomposition involves Cartesian products in two settings: Those within 
bracketed quantities correspond to tensor products of entries in a bisequence mono- 
mial (controlled by Ap-*) and those between bracketed quantities correspond to T- 
products of bisequence monomials. And indeed, this decomposition is encoded by a 
leveled tree ^(e„^m) constructed in the same way we constructed '^{(j>{^)) for £, ^ Q. 
Whereas the levels and the leaves of ^'(<^(^)) are bisequence and 0-factorizations, 
the levels and leaves of ^'(e„.m) are Cartesian matrix and PP-factorizations. 

Example 27. Refer to Example \26\ and consider the codimension 1 cell c = 
C1IC2 = 1|234 C P2+2. Write c = P1IP2 * Pi = 1|2 * 12 and obtain 70 = 3, 
71 = 2, 72 = 1; and Sq = 1, Si ^ 3. Then Ci = E[ U F{ = Pi U and 
C2 = P2 U (P2 + 2) = P2 U (Pi + 2) . The path Ci is assigned to the path com- 
ponent Si : (2,3) (1;3) and C'2 is assigned to £2 ■ (3,1) — > (2,3); in this case 
there is the action of a (70-71,(^1-^0) = i^, "2) -shuffle on Xjg^iysj^^iyso = X2V2V1, 
which generates (classes of ) vertices 0/C2. Let u be the subdivision suhcomplex of 
1|2|34 consisting of the two edges (mi,W2) and (u2,W2) (see Figure 17). Then for 
i = 1,2,3, the subdivision cell di — D\ x P|, where D\ — Ci = Pi is a vertex 
and D\ C C2 has the form P| = e| 2 ^ 63 1, where (dim 63 2, dim 63 i) = (2,0) and 
(dim 63 2, dim 63 i) = (1,1) (e^ 2 — PP2.1 is a heptagon and e\ ^is a vertex of PP2fi] 
e\ 2 is an edge of PP2^i and e\i = PP2,o fori = 2,3j. Thus up to homeomorphism 
we have 

dl = [PPo,l X PPo.i X PPo,i] X [PP2,i X (PPi,o X PPi,o)] 

d2 - [PPoa X PPo,i X PPoa] x [(PPia x PPi,o) x PPa^o] 

dz = [PPo,i X PPo.i X PPo,i] X [(PPi,o X PPi,i) X PP2,o] . 

8.5. The projection dd : PP — > KK. The final piece of our construction estab- 
lishes a geometric interpretation of the projection : PPm,n — ^ K Kn+i,m+i 
induced by the quotient map V'Pn,m A^A^n+i,m+i- Let Vn,m = conVPn,m, 
Pn,m = \'Pn,m \ , and K„+i^rn-\-i = \Pn,m/ ~ | ; wc obtain K as the Subdi- 
vision of Kn+i,m+i that commutes the following diagram: 

PPn,m ^ Pyn+n 

Mi 

(the horizontal maps are non-cellular homeomorphisms induced by the subdivision 
process). We identify the cellular chains C* (KK) with the free matrad Hoc and 
prove that the restriction of the free resolution of prematrads p : F (8) — > H 
to Tioo is a free resolution in the category of matrads. 

To simplify notation, we suppress the subscripts of i9n.m ■ Pn,m Kn+i,m+i 
when TO and n are clear from context. Since |Pn,m| — Pn,m — Pm+m a proper face 
e C Pn,m is a product of permutahedra 

6 — Pni,mi X • • • X Pns,ms 
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and projects to a product 

g = ^(e) = ^{Pni.mi) X • • • X l9(F„^^mJ = i^„i+l,mi + l X • • • X -ftr„, + l,„i, + l ■ 

The fact that i^n.m — Id when 1 < m, n < 2 imphes Kn+i^m+i = Pm+n] also, 
Kn^2 — K2,n IS the multipUhedron J„ for all n (see [T7], U, [H], [Hj). The 
faces 24|13 and 1|24|3 of P^.i are degenerate in ^4:4,2 since i?3,i (24|13) = 24|1|3 
and ??3.i (1|24|3) = 1|2|4|3; and dually, the faces 24|'l3 and 2|13|4 of Pi,3 are de- 
generate in KK2A since di.s. (24|13) = 2|4|13 and di.s. (2|13|4) = 2|1|3|4'. Observe 

that the product cell Km+l X Kn+l = 'diPm X P„) C 1? (Pm+„) = l9 (-Pn,m) = 



Kn+i,m+i admits the (to, n)-subdivision K, 

M{PP,,,n)^ KKn+l,,n+l- 

.(2) 



(n) 



X K 



_ 
-1 ~ 



MiPi^^ X pr') c 



(m) N 



Example 28. The {2, 2) -subdivision K^"' x K^^ of the face ??2.2(12|34) = K3 x 
K3 C 3 produces 9 cells of KK3 3 (see Figures 15 and 21); the (3, 1)- subdivision 



iff ^ X Kl'' of the face i?i,3(l|234) = x d ^4,2 produces 6 cells of KK 4,^2 
(see Figures 7 and 22). 

Define 



'(1) 



+ l,m + l 



Example 29. The matrahedron 3 — PP2,2 and has 44 vertices, 16 of which 
lie in 12|34. Of these 16 vertices, 4 lie in P2.2 o,nd generate the other 20 vertices of 
K^^'i = P4; another A lie BSz.s, and generate the 8 remaining vertices of KKs^s (see 
Figure 21). By contrast, KKi,2 is a non-trivial quotient of PPsa- -As in Tonks' 
projection do '. Pn ^ Kn+i, we identify faces of PPz,i indexed by isomorphic graphs 
(forgetting levels) as pictured in Figure 18. Here an equivalence class of graphs, 
which labels a face of the target interval, contains the three graphs horizontaly to 
its left. 




Figure 18: Projection of a degenerate square in PP^^ to KKi,2- 
The matrahedra KKi i, KK2^i and KKi,2 are isolated vertices and correspond 
to the free matrad generators 1, Of and O^, respectively. The matrahedra KKn,m 
with 4 < TO + n < 6 are pictured in Figures 19 through 23 below and labelled by 
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partitions and (co)derivation leaf sequences. Note that KKn.m — KKm,n for all 
m, n > 1 and KK2,m is a subdivision of J,„ when to > 3. 

If e„^m is a proper face of KKn^rn, the decomposition in (jS.Sp induces a product 
decomposition of the form 

(8.6) en,m = [{syixl X • • • X S;, ) x • • • x {e i .^i x • • • x Cyi )] 

X • • • X [(eyj^aij X • • • X eyj^ojj^) x • • • x (ey^^^xf x • • • x 6^=^,2:=^)], 

where pi ^ Qs = 1 and s > 2. Here "x" within a bracketed quantity corresponds 
to the tensor product in a bisequence monomial (controlled by certain iterations 
of Ap and the product cell within k*^ bracket is thought of as a subdivision cell 
of Knk+i.rnk+i the decomposition of e„^„i in (18. 5p ) and "x" between bracketed 
quantities corresponds to a T-product, and each Cyk ^k has the form given by ()8.6|) 

with x'^ + < TO + n. 

We distinguish between two kinds of faces in (j8.6p . A Type I face is detected by 
the diagonal Ap and its representation in (|8.6p has {pk,qk) > (1, 1) for all k; thus 
Ap is only involved in forming the Cartesian products in parentheses. A Type II 
face en,m is independent of Ap and its representation in (18.61) satisfies {pk,<lk) = 
(1,1) for all fc; thus e„_m has the form KKn,i2 x ^12-11+1 x • • • x 1 < 12 < 

• • • < is = TO, or Kj^-j^+i X • • ■xKj^_2^^_^+ixKKj^_^^„i, 1 < js-i < ■ ■ ■ < jo = n. 
In particular, a codimension 1 face (when s = 2) has the form KKn.i x Km+i-i 
or Kn+i-j X KKj^m- Consequently, each cell e„_m C KKn.m is associated with a 
levelled tree ^'(e„.m), whose levels are representations given by (|8.6p and whose 
leaves are K K -factorizations. 

The assignment l : 9^ ^-^ KKq ^, which preserves levels, induces a set map 

(8.7) L : Qn,m {faces olKK^.m} 

that sends balanced factorizations to Cartesian matrix factorizations and has the 
following properties: 

(i) The restriction of l to 0-dimensional module generators of Fn,m(0) estab- 
lishes a bijection with vertices of KKn,m by replacing 9\ with A and 0f 
with Y in each entry of 5'(/3). 

(ii) There is a location map 

(8.8) I : Gq+i^p+i {faces oiPp+q} 
that commutes the following diagram of set maps 

Gq+i,p+i { faces oiPp+q] 

{faces of Xii'q+i^p+i} {faces of Xg+i^p+i} , 

where v sends a cell of KK to the cell of K of minimal dimension contain- 
ing it. Indeed, \i (3 = As ■ ■ ■ Ai G S is balanced representative of with 
Ak G G^fc, consider the (co) derivation leaf sequences ((x^,y^), (x'',y'')), 
and let ...,x*'= and y^^ , ...,y-" be the subsequences obtained by remov- 
ing all x^y-' = 1. Thinking of these subsequences as ascent and descent 
sequences, consider the corresponding faces A = Ai\ - ■ ■ \ Ak C Pm-i and 
B = Bi\ - ■ ■\Bi C Pn-i and set 

ee = x{A) *(ij) B c P™+„_2, 
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where x is the cehular involution defined in ()6.2p and (i, j) — {ii < ■ ■ ■ < 
ik',ji < ■ ■ ■ < ji)- Then eg is the unique ceU of minimal dimension > k 
such that l(9) C •dn-i,m-i{Gg); in particular, when s = 2, -x} = x and 
= y, and we recover the special cell eg = e(-y x) defined in (|6.3p . Thus, 
the term "location map" suggests the fact that 1 points out the position 
of the image cells i{9) with respect to cells of the permutahedron Pm+n- 
Under t, the associativity of the T-product on Q is compatible with the 
associativity of the partitioning procedure in p + q by which ai| • • • |afe is 
obtained from the (ordered) set ai • • • Ofe by inserting bars: Given 6,C, & 
\ei ^ (zQ be the component shared by d{9) and 9(C) in Tioo- Then d (i(^)) C 
I? {l{e)) n 'd {1{C)) in ifq+i.p+i = ^{Pp+q) (see Example [30l) . 

(in) Let dim^ = k and let ae be the set of all 0-dimensional elements of Tioo 
obtained by all possible compositions di^ - ■ • 9jj {9) where di is a component 
of 9 = Ylii di- Then l{9) is the fc-face of KKn,m spanned on the set L{ae). 

(iv) If {m,n) e {(2, 0), (1, 1), (0, 2)} in item (ii) and fc = 1 in item (Hi) , then 
KKn+i,m+i = Kn+i,m+i — Pm+n IS an interval and (ii) agrees with (Hi) 
under the equality l = l\g^^i ,„^i for m + n < 2. 

Remark 7. Since I is not surjective, the action of the (pre)matrad axioms on Type 
II generators forces us to obtain KKn+i.m+i as a quotient of PPn^m modulo com- 
binatorial relations in PPn,m o,s indicated in Figure 17 above, and thereby extend 
the equality Kn+i = Pn/ ~ induced by Tonks' projection (see Theorem\^ below). 

Example 30. The action of the map 9 l{9) involving associativity is illustrated 
by the example in \5.4^ : 

((221), (31)) ^ 146|2357 and ((41), (211)) ^ 12456|37 

while 

(((221), (2)), ((21), (21)), ((2), (211))) ^ 146|25|37 

(on left-hand sides only (co) derivation leaf sequences of underlying matrad module 
generator are shown). Also, from Example \14\ we have 

C3C2C1 ^ 357|14|26. 

The properties above imply that i is a bijection so that Cn,m indexes the faces 
of KKn.m- Let e'"^""'^ denote the top dimensional cell of KKn^m and define the 
boundary map in the cellular chain complex C* (KKn.m) by 

(8.9) 5(e"+"-3)^ J2 {-ir+''+'^e^,f3, 

where e is the sign of the cell e(y^x) C Pn-i.m-i defined by (|6.3p . This sign reflects 
the fact that the sign of a subdivision cell in the boundary inherits (as a component) 
the sign of the boundary. Therefore, we immediately obtain: 

Theorem 1. For each m,n > 1, there is a canonical isomorphism of chain com- 
plexes 

(8.10) : (Tioo)n,m > C^:{KKn,m) 

extending the standard isomorphisms 

Ao^in) = (Hoo)„,i ^ C',iKKn,i) = C,iK„) 
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and 



In other words, the ceUular chains of the matrahedra KK reahze the free matrad 
resolution Tioo of the bialgebra matrad Ti.. In particular, consider the submodule 
Hoo C Woo spanned on the generating set Q fixed by summing of all (distinct) 
elements of Q in Hoo that have the same leaf sequence form. Then (|8.8p induces an 
isomorphism 



(8.11) i^ol),:{n^)„, 

by (z9 o 1)49) = ^ (lies)) , where 6, e g„ 
and the following diagram commutes: 

(Hoo) 

i^oZ), i» 



is any summand component of ^ G B, 

(Hoo) n,m 



Example 31. We have t((lll), (21)) = 1|234 C P4, and apply Example for 
which bijection i8.10\) implies 
X 
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The edge (1|3|2|4, zi) in Figure 17 is the intersection c?2 H corresponding to 



.12) 



A2A1 = 



X 
X 
X 



Y 
1 



X 
X 



[YY] e 



3,3- 



The following proposition applies Proposition [5] to reformulate Theorem [T] in 
terms of the ©-operation defined in (jO)) for (M,7) = (FP''°(e), 7). 

Proposition 6. Let {F^'^'^ (Q) , j) be the free prematrad and {Hoo,d) be the A^o- 
matrad. If ^ — [{0 \ 9"!^) @ [0 \ 0^)]^ with mn > 3, the components of ^ fit the 
boundary of KKn,m o,nd d{^) — 0. 

Thus, an ^00-bialgebra structure on a DGM H is defined by a morphism of matrads 
Hoo Uh (compare [IB]). 

In our forthcoming paper [T3], we construct the theory of relative matrads and 
use it to define a morphism of ^00-bialgebras. Using relative Aoo-matrads, we 
prove that over a field, the homology of every biassociative DG bialgebra admits a 
canonical Aoo-bialgebra structure. 
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For KK2,2: 
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Figure 19. The matrahedron KK2,2 (an interval) 
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Figure 20. The matrahedra KK-i^2 and KK2fi (heptagons) 
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For KKs^s: 
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+7(0?0l; 02)^(^1^1. ^2)^3] 




Figure 21. The matrahedron -ftTi^s a (a subdivision of P4). 
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For KK4,,2: 
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^{0\0\e\0\-a^h- 


c + d + e + /), where 



a = 0h{0h{Q\el-0\)-0\) 
h = ^{n{d\0\-Q\)B\-Q\)0\ 
c = ^(0\0\B\:0\)^(0\B\Bl-B\) 
d = ^{B\B\-Bl)l{B\0\0\-0\) 
e = ^(0\B\-0\)^[0\0\-6l) 




Figure 22. The matrahedron KK^^^ (a subdivision of J4 = K^^^ = i?3,i(P4)). 
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